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Abstract. We consider the semi-relativistic Pauli-Fierz model for a single free 
electron interacting with the quantized radiation field. Employing a variant 
of Pizzo's iterative analytic perturbation theory we construct a sequence of 
ground state eigenprojections of infra-red cutoff, dressing transformed fiber 
Hamiltonians and prove its convergence, as the cutoff goes to zero. Its limit is 
the ground state eigenprojection of a certain Hamiltonian unitarily equivalent 
to a renormalizcd fiber Hamiltonian acting in a coherent state representation 
space. The ground state energy is an exactly two-fold degenerate eigenvalue of 
the renormalized Hamiltonian, while it is not an eigenvalue of the original fiber 
Hamiltonian unless the total momentum is zero. These results hold true, for 
total momenta inside a ball about zero of arbitrary radius p > 0, provided that 
the coupling constant is sufficiently small depending on p and the ultra-violet 
cutoff. Along the way we prove twice continuous differentiability and strict 
convexity of the ground state energy as a function of the total momentum 
inside that ball. 

Keywords. Semi-relativistic Pauli-Fierz Hamiltonian, mass shell, (improper) 
ground states, iterative analytic perturbation theory. 
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1. Introduction and main results 

1.1. The general framework. The mathematically rigorous investigation of the 
infra-red (IR) problem in non-relativistic (NR) quantum electrodynamics (QED) 
has recently undergone some substantial progress. Notably, infra-particle scattering 
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states in the one-electron sector have been constructed for the NR Pauli-Fierz model 
in [10] based on investigations of the corresponding mass shell in [9]. We recall 
that, by translation invariance, the NR Pauli-Fierz Hamiltonian for a free electron 
interacting with the quantized radiation field admits a fiber decomposition with 
respect to the total momentum of the combined electron-photon system. The mass 
shell is the ground state energy of the fiber Hamiltonians considered as a function 
of the total momentum. Another important recent result is the existence of the 
renormalizcd electron mass. This has been established in |14j where the authors 
have been able to prove twice continuous differentiability and strict convexity of the 
mass shell in some ball about the origin. Earlier works already provided bounds on 
the renormalized electron mass [JJ [7] . The results of [7] have been used to discuss 
coherent IR representations in NR QED [8 . All these results have been obtained 
at fixed ultra-violet cutoff and for sufficiently small coupling constants. 

While a general guideline for the mathematical treatment of the IR problem and 
in particular of infra-particle scattering has been settled long ago in a study of the 
Nelson model [HUE], the recent progress in QED is due to the development of new, 
sophisticated multi-scale techniques. For instance, the analysis in [1] [7] is based 
on the spectral renormalization group introduced by Bach, Frohlich, and Sigal. 
A second method is the iterative analytic perturbation theory (I APT) developed 
mainly by Pizzo in his analysis of Nelson's model [301 OH] ■ The latter method is 
employed in the papers [3EH| mentioned above and in [2j[3j[4] to provide expansions 
of atomic ground state eigenvalues and eigenvectors and of scattering amplitudes. 
Recently the removal of the ultra-violet cutoff in Nelson's model has been studied 
by means of the IAPT [6]. The general principles of the IAPT also serve as the 
starting point of our own analysis. An alternative procedure employing continuous 
flows to remove an artificial IR cutoff instead of the discrete iteration steps used 
in the IAPT can be found in [5] . For a discussion of the physical background and 
remarks on the historical development of the analysis of the IR problem we refer 
the reader to [IO]fTT]. 

The objective of the present article is to establish several of the afore-mentioned 
results in the semi-relativistic (SR) Pauli-Fierz model, which is obtained by re- 
placing the NR kinetic energy term in the Pauli-Fierz operator by a square-root 
operator. Its mathematical analysis has been initiated in [27] . where the bottom 
of the essential spectrum of the fiber Hamiltonians is characterized. By addition 
of an exterior Coulomb potential, — e 2 Z/|x| (with z 2 Z g [0, 2 /ir]), one may also 
define a semi-relativistic model for a hydrogen-like atom coupled to the quantized 
radiation field. Binding energies, exponential localization of low-lying spectral sub- 
spaces, and the existence of ground states of this atomic model have been studied 
in jTHl EU [22l E3J ES] . A scalar square-root Hamiltonian appeared earlier in the 
mathematical analysis of Rayleigh scattering [13] . Notice that the vector poten- 
tial is introduced via minimal coupling in the SR Pauli-Fierz Hamiltonian. Fiber 
Hamiltonians with a relativistic kinetic energy for the matter particles and linearly 
coupled radiation fields appear, e.g., in [TT1 [28] , 

A second purpose of our article is to propose several new arguments or alterations 
of earlier ones within the general frame of Pizzo's IAPT, in particular in the study 
of the convergence of IR regularized ground state projections and in the analysis of 
Hellmann-Feynman type formulas for the derivatives of ground state energies. (To 
mention some keywords for the experts: We do not employ contour integrals and 
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avoid repeated Neumann series expansions and certain bounds relating expectations 
of operators with expectations of their absolute values; by a minor modification of 
the dressing transforms we avoid the discussion of intermediate Hamiltonians.) Al- 
though one might expect the analysis of square-root Hamiltonians to be technically 
more involved we are able to establish essentially all main results of [8j HI [14] in 
the semi-relativistic case. We hope that some of our observations will be helpful in 
forthcoming investigations including the NR case. 

Another novelty achieved here is the study of the multiplicity of the ground state 
eigenvalue of certain renormalizcd fiber Hamiltonians in the presence of spin. (In 
the scalar Nelson model one may apply Perron-Frobenius arguments to show non- 
degeneracy of ground states [H].) As our corresponding argument is essentially 
based on a certain relative form bound required to get the IAPT started, it seems 
clear that it also applies mutatis mutandis to the NR Pauli-Fierz and Nelson models. 

1.2. The model and main results. In this subsection we explain the model 
under investigation and state our main results. We also give a few comments on 
the proofs and on the organization of this article. 

The semi-relativistic Pauli-Fierz Hamiltonian for a single free electron interacting 
with the quantized radiation field is given by 



It is acting in the tensor product L 2 (R 3 , C 2 ) <gi & = j® 3 C 2 <gi & d 3 x, where the 
bosonic Fock space is modeled over the one-photon space Jjf := L 2 (R^ x Z 2 ); 
see Appendix [Cl for the definition of Fock spaces and operators acting in them. The 
vector <t = (fTi, 02, (73) contains the three Pauli spin matrices, Hf is the radiation 
field energy, and the parameter e > is eventually assumed to be small. For a 
single photon state / G JfT, let a'(f) and a(/) denote the standard bosonic cre- 
ation and annihilation operators acting in ,^ and satisfying the following canonical 
commutation relations (CCR) on some suitable dense domain, 



(1.3) ^(/):=2-VV(/) +<*(/)), w(f) :=2-V»( io t(/)-ia(/)), 



and write <p(f) := {ip(fi),<p(f2)><p(fa)), for a vector of single photon states f = 
(Zii/2,/3)- (More precisely, (ll.3[) defines essentially self-adjoint operators whose 
closures are henceforth denoted again by the same symbols.) In this notation the 
quantized vector potential is given as A := J R3 1 C 2 <g> A(x) g? 3 x with 



(1.4) A(x) := ^e-^G) , G(k, A) := (2tt)-^ 1^ <k \k\-^e x (k) . 



Together with k/|k| the two polarization vectors £o(k) and £i(k) appearing here 
form an orthonormal basis of R 3 , for almost every k. The number k > is an 
ultra-violet cut-off parameter. As n — > 00, the values of e > covered by our main 
results will go to zero. 

As the operator given by (jl.l[) is invariant under space translations of the total 
electron-photon system it is unitarily equivalent to a direct integral 



(1.5) H sr = / H(P)d 3 P, H(P) := y/{<r ■ (P - Pf + eA)) 2 + 1 + H f . 



(1.1) 



H sr := v/(er • (-iV x ® 1 + eA)) 2 + 1 + 1 ® H s . 
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The vector P G R 3 is interpreted as the total momentum of the combined electron- 
photon system. Moreover, A := ip(G), and pt is the photon momentum operator. 
The present article deals with the spectral analysis of the fiber Hamiltonians H(P) 
acting in C 2 <E) J^", whose mathematically precise definition is discussed in Section [2] 
(For a precise definition of H sr we refer to [T8] [24J [26]; in the present paper we 
study only the fiber Hamiltonians explicitly.) In Section [2] it turns out that H(P) 
is self-adjoint on the domain of Hf, for all e, k > 0. (This improves on a result in 
[27] where e and/or k are assumed to be small.) Our aim is to analyze the infimum 
of its spectrum, 



as a function of P G R 3 , and to address the question whether it be a two- fold 
degenerate eigenvalue or not. Notice that the shape of E(P) is not fixed by relativity 
because of the ultra-violet cutoff. We collect our first main results in the following 
theorem. It applies to total momenta contained in balls 



of bounded but arbitrary large radius. The possibility to choose p large is due to 
the semi-relativistic nature of our model. In the non-relativistic Pauli-Fierz model 
Part (1) of the next theorem would be false, if p were too large. 

Theorem 1.1. For all K,p > 0, we find eo > such that the following holds, for 
all e G (0, e ].' 

(1) E is twice continuously differ entiable and strictly convex on Bp and it attains 
its unique global minimum at zero, E(0) — inf{£'(P) : P G R 3 }. 

(2) E(0) is a two-fold degenerate eigenvalue ofH(0). The expectation value of the 
photon number operator in any corresponding eigenstate is finite. 

(3) IfP eB v \ {0}, then E(P) is not an eigenvalue ofU(P). 

Proof. The assertions are contained in Theorems 16.41 and 17. 3[ Corollary 18.31 and 
Theorem 18.41 see also (|2.11[) and the paragraph preceding it. □ 

Remark 1.2. Here we comment on the three items of the above theorem: 

(1) : It is possible to show that the curvature of the mass shell is strictly smaller 
than the one of the mass shell with e = 0, i.e. of vP + 1. In other words, the 
renormalized electron mass is strictly larger than its bare mass 1. We shall prove 
this assertion in a separate paper [2"2"] . 

As explained below we approximate E by a sequence, {Ej}j, of ground state 
energies of IR cutoff operators to prove (1). Estimates on the convergence rates for 
the derivatives of Ej are stated in Theorem 16.41 

The analog of (1) for the NR Pauli-Fierz model has been proven in [14]. 

(2) : It has already been observed in [27] that every (speculative) eigenvalue of H(P) 
is at least two-fold degenerated. In fact, this follows from Kramer's degeneracy 
theorem as there is an anti-linear involution commuting with 'H(P). Part (2) of 
Theorem II .11 is actually a special case of Theorem ll.3f 1) below. 

In the NR case, the existence of ground state eigenvectors at P = is proven in 
9 . It also follows from Chen's spectral renormalization group analysis [7] . 

(3) : The asserted phenomenon is called absence of a proper mass shell; following 
[33) . one also says the system exhibits an infra-particle behavior. 




E(P) :=infSpec[^(P)], 



(1.6) 



Bp := {P G R 3 : |P| < p} , < p < oo , 
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In the NR Pauli-Fierz model it is known that, if E is differentiable at some 
arbitrary P e R 3 , then for E(P) to be an eigenvalue it is necessary that V-B(P) = 
[T7] . In our case VE ^ on B p \ {0} and V£(0) = by Theorem OJl). The 
exact NR analog of (3) follows from [8]. <> 

The IAPT applied in this paper comprises an inductive spectral analysis of a certain 
sequence of Hamiltonians whose interaction term is cut off in the infra-red. Thus, 
to obtain our results we introduce a sequence of IR cutoff parameter^, 

(1.7) p J :=K(i/a) , ' ) je No = {0,1,2,...}, Pao :=0, 

and approximate H(P) by IR cutoff Hamiltonians, 



Hf(P) := V(^-(P-Pf + eA,))2 + l + ff f , A, := p(l w< | k ,G) . 
Hence, the set of non-zero photon momenta is split into a sequence of annuli, 

(1.8) R k = A U |J 4+\ 4 := { ft < |k| < Pfc }, ^ := { Pj < |k|}, 

with corresponding one-photon Hilbert spaces, 

(1.9) := L 2 (^ fe x Z 2 ) , ^ := L 2 (^- x Z 2 ) . 
It is crucial for the whole analysis that the orthogonal splittings 

give rise to the following isomorphisms of Fock spaces, 

(1.10) & = ® ^ +1 - ^ <8> 

Here J^j? is the bosonic Fock space modeled over Jt^ and J^- the one over ! see 
Appendix O 

In the following discussion we assume that p > is fixed, P G 6 P , and e > is 
sufficiently small. As it turns out, then, in Section HI suitable versions of W°°(P) 

acting only in C 2 (g),^ (rcsp. C 2 ®J^- +1 ) - below denoted by %j{P) (resp. 7^- +1 (P)) 
- have a strictly positive spectral gap above their twice degenerate ground state 
eigenvalue 

Ej(P) := inf Spec[Wf (P)] = inf Spcc[^(P)] = inf Spcc[Hj +1 (P)] . 



Moreover, Ej(P) — > -E(P) and E'o(P) = %/P 2 + 1. Furthermore, Ej is real analytic 
on Bp , so that its derivatives can be represented by Hellmann-Feynman (HF) type 
formulas; see Section [3] In Section [5] the latter formulas are used to show that 
J2j{Ej — Ej + i) is absolutely convergent w.r.t. the norm on C 2 (£> p ), so that E € 
Cj;(Bp). To estimate Ej — £y+i, one employs HF formulas involving %j +1 (P) for 
the derivatives of Ej and represents derivatives of Ej+\ by means of a (partially) 
dressing transformed version of Hj+i^P), namely 

(1.11) H j+1 (P) := Uj(P)Hj +1 (P)U;(P), Uj(P) :=e -«-(/;(P)), 

where the coherent factor is given by the formula determined in [8], 



(1.12) /,<P:k.Ai:=l„, k p. ^-V^P) ' /€}J - 



^One could choose a slightly larger value than 1 /2 in the definition of pj; smaller choices would 
restrict the range of allowed values for c. 
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Roughly speaking, an application of U*(P) to ground state eigenvectors of 7^' +1 (P), 
which look like tyj (g> O^ -1-1 (O^ -1-1 = vacuum in turns them into better test 

functions for Hj+i(P) by dressing Cl^ + in a cloud of soft photons. The soft photon 
cloud is due to the movement of the total system at momentum P and, accordingly, 
Uj(0) = 1. We remark that the formula for fj is essentially determined by the IR 
bound (fOj) below. 

The analysis of Ej — £j+i by means of HF formulas also furnishes convergence 
of the ground state eigenprojections of the Hamiltonians 

j-i 

(1.13) Uf (P) :=W 3 {P)Uf{P)W 3 {P)\ Wj(P) := ~[[U e (P) . 

e=o 

The operators W°°(P) are self-adjoint on the domain of Hf and converge in the 
norm resolvent sense to some limit Hamiltonian denoted by 




For P ^ 0, this limit Hamiltonian is, however, not a unitary transform of our origi- 
nal Hamiltonian H(P), although the latter is the norm resolvent limit of {H°° (P)} j . 
In fact, if P € Bp is non-zero, then limj*_>oo Vi?j (P) = VE(P) ^ 0, and, hence, 
the sum X)o° fo ^ s no ^ square-integrable. As a consequence we cannot define a rea- 
sonable limit of the unitaries Wj in B(C 2 (g> However, we may define a unitary 
operator, 

W* (P) : C 2 ® & — > ^ := C 2 ® ® J] ^fi^f 1 , 

with values in some incomplete direct product space (in the sense of associated 
with the coherent state 

np n := 77 ® e" w ( /o ( p »Oj ® e lcro(/l(p)) fl 2 ® e icro ^( p »^ ® . . . e J^' 011 , 

where 77 is a normalized vector in the vacuum sector of C 2 <g> J^" - Recall that 
J^' cn is a (topologically complete) subspace of the complete direct product space 

Jt := C 2 ®^ ®n®jeNo<^/ +1 [SH!- (If we changed ftg n slightly by replacing Ej in 
(|1.12[) by then it would still determine the same space J%?p cn ; see Remark 19.21 ) 
We may then define a renormalized Hamiltonian, 

(1.14) H rcn (P) :-VF^(P)H 00 (P)VF 00 (P), Woo(P):=^(P)*, 

which is an analog of the operators introduced in [11] §2.3] for the Nelson model. 
It can be used to describe coherent IR representations of the C*-algebra 21, where 

(1.15) a:=SF IMIl,(ca »*>, a i := 1®6(,^' +1 )® 1, i€ N , 

and 21° is the *-sub-algebra of B(C 2 ® J^") generated by all 2lj, j € No, an d by 
2l_i := S(C 2 <g>^o)<g) 1. Let 2Bj denote the Weyl algebra generated by the operators 
W{v) := e ^(im^) e ^(Ro^) with v e Jtr? +l , interpreted as a sub-algebra of 2lj. Let 
2B_i C 2l_i be the C*-algebra generated by all M ® W{u) with M € B{C 2 ) and 
u E J(a). Then we may also consider the C*-algebra 2U := 233° C 21, where 2U° is 
the *-algebra generated by all 23T,-, j ^ —1. 

There is a natural isometric embedding 7r : 21 — > B(J4?) such that every 7r(A), 
A e 21, is reduced by ^i' en see Section [§] for more details. Denoting the 
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restriction of n(A) to Jt?p en by irp(A) we obtain a representation 

7Tp ; 21 — ^ B(J££ cn ) . 

To state our main results on these objects we need yet some more notation: ljy(T) 
is the spectral projector associated with some self-adjoint operator, T, and some 
Borel set, M C R; Tr denotes the trace. 

Theorem 1.3. For all n,p > 0, we find c, eo > such that the following holds, for 
all P £ Bp and e G (0, e ]: 

(1) E(P) is a two-fold degenerate eigenvalue o/"Hoo(P) and 'H ron (P) ; and 

||1 {£( p)}(Hoo(P)) - l {%(P)} (£f(P))|| < ce(l + cc)V, ^^0. 
^ There is a unique linear functional, cjp G Sl* ; suc/i i/iat 

«p(A) = lim Tr[l {B . (P)} (W°°(P)) A] , A G 21°. 

(7n particular, the limit exists.) We have 

u; P (A)=Tr[l {£;( p )} (K ren (P))7rp(A)] , A G 21. 

(3) If Q, a Bp \ {P} 7 t/ien i/ie representations 7rp and 7Tq o/2U are disjoint and, in 
particular, ujp is not a TTQ-normal functional on 2U. 

Proof. (1) follows from f|l . 14[) . Theorem I7.3[ and the explanation below (17.1[) ; see 
also (|2. 1 lj) . Part (2) follows from the discussion in Section |U With Theorem 11.11 
and Part (2) at hand (3) follows from arguments in [Til GI31 IS] ; for the reader's 
convenience we sketch its proof in Corollarv l9.ll The crucial point is that V-E(P) ^ 
V.E(Q), if P ^ Q, by the strict convexity of E on Bp. Recall that disjointness of 
7Tp and 7Tq means that no 7rp-normal positive functional on 2U is 7TQ-normal and 
vice versa; by (2) wp is 7Tp-normal. □ 

Remark 1.4. The Hilbert space C 2 <g> & is identified in a canonical way with J^' cn . 
Choosing P ^ = Q in Part (3) then shows that cjp cannot be represented by a 
positive trace class operator acting on C 2 ®^. 

In the NR case results similar to (2) and (3) can be found in [8]. Compared 
to [3 [UJ there are some simplifications in our proofs due to the fact that Pizzo's 
recursive scheme establishes directly the existence of ground state projections of 
'Hoo(P)- In @ E] the analog of up is defined via compactness arguments and 
analyzed by means of abstract results from the representation theory of the CCR 
algebra. Statements similar to (1) for the NR model have appeared in [9] [30]. O 

Convention. The symbols c, c', . ■ • denote positive constants sometimes depending 
on k and upper bounds on e or |P|, but on no other relevant parameters. Their 
values might change from one estimate to another. T>(T) and Q(T) denote the 
domain and form domain, respectively, of a suitable operator T . 

2. Relative bounds and self-adjointness 

In Subsection 12.21 below we derive some basic relative bounds on various modified 
versions of the SR Pauli-Fierz fiber Hamiltonian and study their self-adjointness 
and domains. It shall be very convenient in the whole paper to work on a Hilbert 
space with four spin degrees of freedom instead of only two. For we may then 
employ fiber Dirac operators in the computations which are linear in the vector 
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potential and whose absolute values can be represented by very handy formulas. 
Similar ideas have been used earlier in [23] [26l [27] . The Dirac operators and some 
further necessary notation are introduced in the following Subsection 12.11 

2.1. Operators on four-spinors. Recall the definition of the annuli A 3 k and Aj 
in (|1.8p and of the corresponding Fock spaces ^ k and ^ explained below (|1.10[) ; 
see also Appendix [C] for their precise definition as well as for the notation dT used 
below. We first fix the notation for the energy and momentum of the photon field: 
Writing w(k, A) := |k| and m(k, A) = k, for k G R 3 , A G Z 2 , we define 

:= dT(uj\ AlxZ2 ) , := dT(wU,xz a ) , 

p[ fej) := rfr(mr^ xZ J , p| j) := dT(m\ AjXZ2 ) . 

At some points in our constructions there appear unitarily equivalent sequences of 
IR cutoff fiber Hamiltonians, whose norm resolvent limits are not unitarily equiva- 
lent anymore. In the preparatory Sections ErE] we wish to treat these sequences in 
a unified fashion, whence we introduce the following hypotheses on field operators: 

Assumption 2.1. For every j G N , let (fj,gj) G L 2 {A] +1 x Z 2 , IR x R 3 ), [bj,Cj) G 
R x R 3 , and assume there exists c > such that 

(2-1) Hu-V^g^Kcpf , |(6 ilCj )|<c ft , jeN„. 

For integers ^ k < j ' ^ oo and c > 0, set 

(2.2) <S>i := (*>(/<) + **t), K ■= E " e ' 

and abbreviate $j := $q and Aj := A . Finally, assume (for convenience) that 
ff f (feJ) + e ^ 0. O 

The sums J>2k^t<j m P-2[) - which are infinite when j — oo, are well-defined because 
of (|2.ip and define self-adjoint operators whose domain contains the one of (J? f ) 1 / 3 ; 
see, e.g., [35]. Without further notice we shall often regard Afc and A^ as operators 
in j£j by identifying Afc = Afc ® 1^ and A^ = \& k ® A k . The same convention 

is used for iJ f (fe) , izf J) , etc. 

Next, we introduce the Hilbert spaces 

(2.3) J% := C 4 ® , j 6 No U {oo} , Jf := J^, . 

As usual we shall consider operators i and M acting in and C 4 , respectively, 
also as operators in Jffj by identifying i = 1 C 4 <g) L and M = M<S> Ijr-. For instance 
this convention applies to the four Dirac matrices, 

m„:=('J _Me^(C 4 ), «i==(°. o'') e.Z(C J ). ., = 1. 2.8. 



satisfying a, = a* = a i l and the Clifford algebra relations 
(2.4) {on, a j } = 25 ij 1, i,j G {0,1,2,3}. 

To show degeneracy of ground states we shall exploit the fact that the first and 
third Pauli matrices are real while the second one is imaginary, 

l\ fO -A fl 



ai = 1 1 oh CT2 = U o h a3= \o -1 
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As a consequence of (12. 4|) and the C*-equality we obtain 

(2.5) ||a-v||^ (C 4) = |v|, veR 3 , 

where a ■ v := a±vi + «2^2 + «3^3- It is a standard exercise using the CCR, (|2.1I) . 
and (|2.5p to derive the following fundamental relative bounds, 

(2.6) W^iiH^ + Pk)- 1 ^ <cpf, \\ a .Ai(H^ + Pk )-^\\ <c^ /2 , 

for all G N U {oo}, fc < j, and e G (0, e ], with c = c(e ). 

Let P £ R 3 in what follows. We define the fiber Dirac operator, D k (P), to be 
the closure of the symmetric operator in Jtfj given by 

(2.7) V{H[ J) ) 3 <t> .— > a • (P - p| j) + e A fe ) + a 

and put Dj(P) := Dj(P). Let ^ C denote the dense subspace of all (ip^)^L € 
= ©^Lo "-' 4 ® I^j'] such that only finitely many tp^ are non-zero and each 
f n ', n € N, has a compact support. According to Lemma [A. II below Di(P) is 
self-adjoint and ^ is a core for D,(P). Actually, it has already been remarked in 
[37] that the essential self-adjointness of Di (P) on ^ follows from Nelson's com- 
mutator theorem with test operator H^' + 1. We give an alternative argument in 
Lemma [A . 1 1 which also shows that the square, D k (P) 2 , is essentially self-adjoint on 
%fj. A direct computation shows, however, that 

(2-8) ^(P) 2 =7?(P)©7^'(P) oaVj, 

where the direct sum refers to the splitting of the spinor components C 4 = C 2 © C 2 , 
and where 

7£' (P) := (o--(P-p f tf) +eA fc )) 2 + l. 

In particular, 

(2.9) tr(Di{P))c (-oo,-l] U [l.cx)). 

Thus, using the essential self-adjointness of D k (P) 2 it is easy to see that two pos- 
sibilities to make sense out of the square root in (|1.5p yield the same operator: We 
may take the square root of the closure of 7? (P) defined by means of the spectral 
theorem or, equivalently, we may define the square root in (|1.5p to be equal to the 
upper left (or lower right) 2x2 block of the block-diagonal operator |Z){(P)|. For 
technical reasons we find it convenient to work with absolute values of the Dirac 
operator. 

We finally define fiber Hamiltonians on four spinors by 

(2.10) Hi(P):=\Di(P)\+H^ + t^ k , Hj(P) := ff/(P) , 

on the domain P(if£(P)) := V(H^). As it turns out in the next subsection they 
are self-adjoint on that domain. According to the remarks above they are block 
diagonal, 

(2.11) Hi(P)=Hi(P)®Ui(P), H{(P) :=Ti(Pp 2 +Hp. 

Notice that |D{(P)| ^ H k (P) by the last condition imposed in Assumption 12.11 

(i) (i) 

Notice also that the photon momentum and energy operators p f and H { con- 
tained in H k (P) act in the Fock space attached to the scale j while the field 
operators Afe and <J>fc in H k (P) act non-trivially only in & k . 
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Notational warning. From Section [5] forth, the symbols D k (P) and H k (P) 
will solely denote the operators obtained by choosing (fj,gj) — (0, 1 jJ+i G) and 
(bj,Cj) = (0,0). Then H(P) := H™(P) is the physical operator in (fTSj) '. 

Convention. Up to now we have always kept the symbol P in the notation. 
Henceforth, we shall include it in the notation only when new mathematical objects 
are defined (to clarify their dependence on P). Afterwards we then tacitly drop the 
explicit reference to P in most formulas to reduce clutter. 

2.2. Basic relative bounds. We denote the resolvent of the fiber Dirac operator 
at iy £ iR by 

(2.12) R{( l y)^Ri(P, l y):=(Di(P)- ly y\ R 3 {iy) := R]{zy) . 

As belongs to the resolvent set of D k its sign function can be represented as a 
strongly convergent principal value (see, e.g., [TH1 Page 359]), 



S{4,^S{{P)^:=D{{P)\D{{P)\-^= lim f^P,,!,)^, 
for all ip € Jtfj. This yields a convenient representation of its absolute value, 
(2.14) \D{\i: = S{D J k ^= lim / (l + iy R 3 k {iy))^ ^ , ^eV{D{). 



(2.13) 



7T 

The previous formula is very useful in combination with the bounds 

\{<t>\ (Rj (iy) - RIM) (H?' j) + Pk )- 1/2 ^ ) | 

(2.15) < ttpfWR^-iy)^] \\R{(iy)n < ttpf{\ + y 2 )~\ 

for all normalized 4>,ip S see Lemma lA. 21 of the appendix. 

Part (i) of the next lemma improves on [27j Proposition 1.2] where the same 
assertions have been derived, for sufficiently small values of e > 0. 

Lemma 2.2. Let Assumvtion [K7\ be fulfilled. Then, forallP <E R 3 , k,j £ NoU{oo}, 
k < j , e, 5 > 0, and some constant c > proportional to the one in (|2.6|) . the 
following holds: 

(i) Hj and H 3 k are self-adjoint on T>{H^ ) and essentially self-adjoint on ffj. 

(ii) For all^) E V{H [ f j) ), 

|| {H 6 - Hi) r/,\\ < c e pf || \Di\^(H^ + p k )^ ^\\ 
(2-16) ^Stpf WH^W+cUp^M/S 3 , 

(2.17) Hir^'lVII, ll# f W) V>|| <c'(e )||^V||, 0<£<j, e^e . 
(Hi) Hjf — > Hoe in the norm resolvent sense, as k — > oo. 

(iv) The form domain of both Hj and H 3 k is Q(i? f ) and the following form bounds 
hold true on Q(H { f j) ), 

(2.18) ±(Hj-Hl) ^5tp k \D J \ + t 2 t(Hf- 3) + p k )/5, 

(2.19) ±{H J -H{) ^Sz Pk \D 3 k \ + c 2 e(l + (Scp k ) 2 ) (H^ j) + Pk )/S. 
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Proof. First, we derive the relative bounds of (ii) and (iv) on the dense domain 
Since (®j,Aj) = ($ fe , A fc ) + ($£, A 3 k ) we may write, for 0, ip G 

( 1 (fl> - H{ ) i> ) = t ( S j </> | oc ■ A{i> ) + ( <f> | (Sj - Si ) Dii; > + e < <f I & k 1> > 

In order to treat the difference of the sign functions let (r,s) be either (1,0) or 
(0, 1), and let e, x G (0, 1), e + x = 1, and 4>,ip & ffj- Then a successive application 
of (12TT1 . (j^TST) . and || \D{\ V PJ k (iy)\\ < (1 + y 2 )-^")/ 2 , f G [0, 1), permits to get 



|( (£> i ) r | - S£) {H^+ p k )-V*{D{)^)\ 

T— >oo /__ 7T 



irv'll - 

7T 



< / iii^-r^H^i^r^iicepf ||i^r^(^)i^ 

Jr 

(2.20) < c(e) e pf \\ \D^ 4>\\ || W e ^||- 

Choosing (r, s) = (0, 1), e := 1/4, and using (|2T6t . |D£| > 1, and the fact that 
and {H^ + Pk)~^ 2 commute on we obtain 

\\(Hj-Hi)il>\\ = sup K^K^-ffjQV)! 

11011 = 1 

<e||a.A^||+ sup | ( | (Sj - S() D{iP )\ + e \\&„ iP\\ 

11011 = 1 

(2.21) <cepf ||(^)VV||^||iJ^|| 1/2 <cepf W 1/4 ||^^ll^ 

In the penultimate step we applied |£)£| ^ -f/| to the left norm and used that 

\ D l\ + H{ k) + > and i? f (fc,i) commute on ^ and ff f (fc) + H^ k ' j) = to 
bound the right one. By Young's inequality this implies (|2.16|) . for all ip € 
Choosing (r,s) — (1,0), e := 1/2, we also obtain (|2.18j) . which actually holds, for 
all 5 > 0, 

litKHj-Hi)^ ^ t\\a- A{ 0|| W + KD^I +e||^|| M 

<cepf lllDjI^IUKflJ^ + p^^ll, 

for every G Setting = for the moment we see that (|2.18p with 1/5 = 2e/9fe 
implies \Dj\ ^ c (|£>^.|+i? f ), from which we finally infer (12.19)) (for non-zero <&{). 

Let ^ I ^ j and m := max{fc,£}. Choosing = and = (if m < j) 
for the moment we infer 



\\iHt-Hi)il>\\^e\\Mil>\\+c(e,to)W\\, £>0, ||itfV>IK c'(e ) ||#2 VII 



C?)\2 



from (|2.16p . which is already known to hold for ip G Since ifg = ((P — Pf 
I) 1 / 2 + ffj is obviously self-adjoint on T>(Hf J ^) and essentially self-adjoint on 
this proves Part (i) by virtue of the Kato-Rellich theorem. We also conclude that 
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([216)) extends to every V € V{H?>). Since ||-H f (j Vll < ll#o VII and II \ D l\^\\ < 
c'(||i/| VII + II^PVII) we further obtain (l2~17l) . 

(hi): Choosing j = oo we readily infer from (|2.16p and the second resolvent 

identity that \\(H%° - i) _1 - (i?oo - «) _1 || c e pj/ 2 -> 0, as fc -> oo. □ 

Remark 2.3. We can use the arguments of the above proof to compare Hamiltonians 
with the same scale parameters but for different fibers. For instance, set k = j, 
c Aj- = h, and $j = H^' = 0. In accordance with (|2.6[) we should then replace 
e pj 2 by |h|. Making these changes in (12.201) and (|2.2ip we immediately obtain 

(2.22) ||(^(P + h)-^(P))VHc|h||||i)i(P)|V>|| <c|h|||^(P)V>||, 

for all P,h G R, fc,j G N U {oo}, fc sC j, and V G V(H^ j) ). (To cover the cases 
k < j simply choose suitable g£.) O 

3. A PRIORI BOUNDS ON THE MASS SHELL 

Let Assumption 12.11 be satisfied in the whole Section [3] From now on we use the 
following notation for ground state energies, 

4(P):=infSpec[^(P)], Ej (P) := E* (P) , E(P) := E^P) . 

Moreover, we denote the spectral gap of H k (P) by 

gap£(P) := inf { Spec[^(P) - ££(P)] \ {0} } , ga Pj (P) := gapj(P) . 

Here P G R 3 , k,j 6 No U {oo}, fc ^ j. Notice that at this point we neither claim 
that gap^J, be strictly positive nor that E 3 k be a simple eigenvalue. In fact, if E J k is 
an eigenvalue, then it will always be degenerate. 

We now start to study the dependence of E° k on P. The main result of this 
section is the lower Lipschitz type bound (|3.15p obtained in Subsection 13.21 below. 
It serves as an essential ingredient for the estimation of spectral gaps in Pizzo's 
inductive scheme and, in particular, similar bounds have been derived in the NR 
setting, e.g., in 0120]. First, we collect, however, some general results on E k and 
the Hamiltonians in a series of remarks we shall repeatedly refer to in the remaining 
part of the text. 

3.1. Derivatives of infra-red cut-off Hamiltonians and their mass shells. 

Remark 3.1. Let us choose (fj,gj) = (0,G^ +1 ) and (bj,Cj) = (0,0) in Assump- 
tion where G-? +1 (k, A) := 1 . 3 +i (k) G(k, A), j G N , with G denoting the 
coupling function introduced in (jl.4p . In this case it has already been noted in |27j 
that E{ is rotationally symmetric, i.e. E J k (UP) = E J k (P), for all U G SO(3). This 
follows from the fact that the Hilbert space Jtfj carries a unitary representation, 
7T, of SU(2) such that nu H J k (P) tt^} 1 = Hl(U~ 1 P), where U G SO(3) corresponds 
to U G SU(2) w.r.t. the universal covering SU(2) — > SO(3). In particular, we may 
conclude that VE k (Q) = 0, as soon as we know that E k is differentiable at 0. O 

Remark 3.2. We now show that {H J k (P)} PeR 3 is an analytic family of type A and 
record some frequently used formulas: Representing the absolute value by means 
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of (|2.14p and using a Neumann series expansion we deduce that 

Hl(P + h) = H{{V) + s-lim / T (i?i(P + h, iy) - R{(P, iy)) ^ 

oc 1 

(3.1) =£-^(P), onO(ffP), |h|<l, 

where we define (again dropping all P's so that R k (iy) = R k (P, iy)) 

(3.2) d h H^:= lim / R{{iy) a -hR{(iy)ij^ , i/> G , 

(3.3) 5^:=(-l)^! / i4(^){a.hi4(%)}^GS(^), 

In fact, since ||a ■ hiil(iy)|| ^ |h|(l + y 2 )" 1 ^ 2 the integrals in (|3.3I) are absolutely 
convergent and one easily verifies H^HjfeH ^ 2£!|hp/7r(£ — 1), for I G N, £ > 2. So, 
indeed, the part of the series in (|3.1j) converges in B(J€j), if |h| < 1. It is 

then clear that the limit in (|3.2I) exists. Combining (|2.22l) with (|3.1I) we further 
infer that the closure of the symmetric operator d\Ji k - henceforth again denoted 
by the same symbol - is defined on a domain containing the domain of \D k |' 4 and 

ii5 h ^i^r i/4 Kc|h| + o(|h| 2 ),thus 

(3.4) \\dtH* {Hh-^W < \\d^Hl \D{\-^\\ < c|h| . 



>2. 



The first order term in the series (|3.1I) is therefore an infinitesimal perturbation of 
the self-adjoint zeroth order term H 3 k and, as all higher order terms are bounded, 
we conclude that the series (|3.1[) defines an extension of {H k (P)} to an analytic 
family of type A defined on {P G C 3 : |ImP| < 1}. O 

Remark 3.3. We note the following bound for later reference, 

(3.5) llidtHj-dtH^iH^ + p,)- 1 /^ <c(*)epf \ h fU\\, 

for if> G £ G N, e G (0, 1]. It is easily derived as follows: Represent the difference 
of the £-th derivatives by means of (|3.2[) or (|3.3[) and rearrange the integrants in a 
telescopic sum of terms cx (Rj a ■ h) n (Rj — Ri) (a ■ h.R k ) l ~ n , n = 0, . . . Then 
multiply the telescopic sum from the right with (H^ k '^ + p^) -1 / 2 , observe that 
(a ■ hi?^)^~™ and (H^ k '^ + pfc) -1 / 2 commute, and estimate all terms by ^ 
(y) 2 an( i (|2.15p . Each summand in the telescopic sum is absolutely integrable. 
(For £ = 1, start with V € V{H^) and extend (d h H^ - 9h^)(if f (fcJ) + p k )~ 1/2 to 
all of Jffj by continuity, preserving the same symbol for the extension.) O 

Remark 3.4. We next derive some Hellmann-Feynman type formulas for the deriva- 
tives of E k . To this end we assume that P is contained in some fixed open set, 
V c R 3 , and that El is an isolated eigenvalue of constant, finite multiplicity on V, 
i.e. it does not split when P varies in V. (For j < oo, this assumption is verified 
in Theorem 14.31 below where V is a ball about the origin and e is assumed to be 
sufficiently small.) 

Let 11^ := be the spectral projection onto the eigenspace correspond- 

ing to E k . By Remark I3T21 and the above assumption E k and H k depend analytically 
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on P [19]. Then, by differentiating {H 3 k <j)\ U 3 k ip ) = E 3 k ( <j) \ U 3 k tp ) we obtain the fol- 
lowing Leibniz formula, for all 4> G ^(H^), ip G Mj, /x G N, and he K 3 , 

(3.6) £ Q < <w 1 <^ni v^) = e M («^) ( 1 x ^ ) ■ 

i/=0 ^ ' i/=0 ^ ' 

In view of V(d^H 3 k ) D V(H^ j} ) = V{H{) D Ran(n{.) we infer from by induc- 
tion on /i that d£ll k : J#j — > T>{H k ) = T>(Hf) and, in particular, 

(3.7) (9 h ^ - d h ED ui = -(Hi- e{) a h n^ , 

(dim) n{ = -2(Sh^ - ^) a h ni + (ag^) n£ - - 1$ 3 2 n£ . 

On the range of (III) 1 - = 1 - U{ the resolvent {TV k ) x G B({J^ k )^J^), 

(3.8) (7^ := (H^ - ^)- 1 (ni)^, IK^H < 1/gapi , 
is well-defined and wc deduce from the first line in (13.71) that 



(3.9) (n^-^nj = -yil) x (W k )iJ? k , (flt^)nj; = n* :^///;ib . 

Multiplying the second line in (|3.7p by IIj. and using (|3.9p we further get 

(3.10) ddlEl =Tr{Tli(dlHi)Tl{} - 2||((7^)V 2 (^)n£|| 2 HS . 

with <i := Tr{n^,}, Tr denoting the trace and || • ||hs the Hilbert-Schmidt norm. 
This formula will be used to prove the strict convexity of the mass shell. O 

3.2. Lower Lipschitz bound on the mass shell. We are now heading towards 
a proof of the bound (|3. 151) below. First, we consider H^(P) — ((P — p["^) 2 + 
1) 1/2 +H { i 3) . Recall that p { { 3) and act in the n-particle sectors [^y] (n) , n G N, 
simply by multiplication with ki + • • • + k„ and |ki| + • • • + |k„|, respectively, 
and Qj- = 0, i?f flj = 0, where Qj is the vacuum vector in J^ , so that 
[J?.](°) = Cflj. In particular, it is an elementary exercise to derive the following 
lemma. We present its proof only for the convenience of the reader. 

Lemma 3.5 (Spectrum of J2^(P)). For all P G R 3 and j £ N U {oo}, the 
following holds: 

(i) Eq(P) = (P 2 + l) 1 / 2 is a four-fold degenerate eigenvalue of Hq(P). The corre- 
sponding eigenspace is {v®n 3 : v G C 4 }. 

(ii) gap J (P) > min{^, 1}/(2(|P| 2 + 1)). 

Proof, (i): It is obvious that (P 2 + l) 1/2 is an eig envalue of H 3 (P) and that C 4 <g)C fi,- 
belongs to the corresponding eigenspace. It follows from the arguments below that 
the latter is actually the whole eigenspace (even in the case j = oo) and that 
(P 2 -(- I) 1 / 2 is the infimum of the spectrum. 

To prove (ii) we observe that the spectrum of Hq (P) restricted to the invariant 
subspace {C 4 ® [^"jT '} 1 " is given by the closure of 



oo n 2 i/ 2 n 

(3.11) U{([ p -E k J +1 ) +^|ki| : k!,...,k n G A-}. 



1/2 

7i—l i—1 i—1 
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On account of | Y17=i ^1 ^ Yl7=i 1^*1; f° r ki, . . . ,k„ <E Aj, this implies 

inf Spec[^(P)r {c *®[^](a) } x] > m| 3 (([P - k] 2 + l) V2 + max{ Pj , |k|}) 

= inf (([|P|-r] 2 + l) 1/2 +max{p„r}). 



Writing g(r) := ([|P| - r} 2 + l) 1 / 2 - (P 2 + i)7 2 + m &x{pj,r}, r £ [0,oo), wc find 
g' > on [pj, oo), thus min,^ g(r) = g{pj)- The possible minima of g on [0, p 3 - ] 
are g(pj), g(0) = Pj, and ff(|P|), if |P| «S pj- Since R 3 t ^ (t 2 + I) 1 / 2 is convex 
Taylor's formula yields, for all P £ R 3 , 

|P| pj pj 

g(Pj) > Pj - /tj2 i i\i/ 2 Pi = CD2 i ?Wi77D2 , 1W2 I iDh > 



(pa + !)i/2 ^ (p 2 + i)V 2 ((p2 + i)V 2 + |p|) - 2(P 2 + 1) ' 
In the case |P| ^ pj we apply the inequality 

(3.12) f(t) := 1 - (t 2 + 1) 1/2 + t ^ mm{t, l}/2 , f>0, 

to get g(|P|) = 1 - (P 2 + l) 1 / 2 + pj ^ mm{p i; l}/2. (At least for t £ [0, 1], (|3~T2")) 
is clear by Taylor's formula; for t > 1, then, use /(£) = tf(l/t).) □ 

Note that the next lemma is valid even when Ej is in the essential spectrum of Hj 
and when no ground state exists. In particular, it holds for E = Eoa. 

Lemma 3.6. (1) There exists c > such that, for all e £ (0, 1] and P £ R 3 , 

(3.13) (l-ce)Eo(P) <B,-(P) 5$ (l + ce)£ (P). 

^ There is some c > suc/i £/ia£, /or aZZ e € (0,1], j 6 NU normalized 
u € R 3 , and P £ R 3 /or w/mc/j d u Ej(P) := ^£y(P + i u)| t=0 ezzsts, 

(3.14) |^(P)l<l- 2(1 + ce ^ o(p)2 + ce^ (P). 

^3) For all p > 0, we find eo > and q £ (0, 1) such that 

(3.15) ^(P + h)-^(P)^-(l-q)|h|, 
for all e £ (0, e ] ; h £ R 3 . P £~B V , and j £ N U {oo}. 

_Proo/. (1): The form bound (|2~18)) implies H J Q < (1 + c e) i?, and (|2~19| implies 
i2j ^ (1 + c e) Hq. Hence, Part (1) is a consequence of the variational principle and 
El = E Q . 

(2): Let <j> £ V(h\ 3) ) and j £ N U {oo}. On account of Remark I3~2l 

^(P + h)0-i7 3 (P)0=a h ^(P + h)0+|h| 2 O(l)0, |h| ->0, 

where the norm of 0(1) £ B{J%j) can be bounded uniformly in P £ R 3 and in 
j. Note that H J (P + h) = (v 2 + l) 1 / 2 + with v := P + h p| j) . Since the 
components of v and commute strongly we obtain 

(0|9 h ^(P + h)0) = (0|h.v(v 2 + l)- 1 / 2 0) 

^ ||^>|| 2 + |h| < | (1 - | V | ( V 2 + i)-v-) 0> 

^-|h|||0|| 2 + |h|(^|( V 2 + l)-V)/2. 
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By the trivial bound (v 2 + 1) 1 Hq(P + h) 2 (between multiplication operators) 
this yields d h H J (P + h)^-\h\ + |h| H J (P + h)- 2 /2. Next, 

(Hi)- 2 (Hj)- 2 = ((Hi)- 1 H- 1 ) (Hi)- 1 + HJ 1 ((Hi)- 1 HJ 1 ) . 
Using Lemma [2~2T ii) and ||(.Hq) -1 ||, \\HJ~ || ^ 1 we find some c > such that 

(3.16) \\(Hi)- 2 (H^W ^ 2 \\{H 3 Hi){Hi)-^\\ < 2ce, 
at every value of the total momentum. We end up with 

(3.17) d h i^(P + h) > -|h| + (|h|/2)fl>(P + h)- 2 - ce|h| . 

By virtue of J33D, ±{d h Hj - <9 h i^} ^ ce |h| (h\ j) + 1) < c'e |h| H h whence 
^(P + h) - E 3 (P) > ff, (P + h) - H,(P) 

-> -|h| + (|h|/2) Hj(P + h)- 2 - ce|h| - c'e |h| H,(P + h) - G(|h| 2 ) . 
In particular, we obtain by means of the spectral calculus 

(3.18) ^-(P + h)-^-(P) ^- |h| + |h|^(P + h)- 2 /2-ce|h| 

-c'e|h|^(P + h)-0(|h| 2 ). 

Now, let P e R 3 , let u € R 3 be normalized, and assume d u Ej(P) exists. Replacing 
h by ± s u, for small s > 0, in (|3.18[) . dividing by ±s, and passing to the limit 
s \ 0, we obtain an estimate for \d u Ej(P)\ in terms of Ej(P). Employing (|3.13| . 
then, we arrive at (I3.14|) . 

(3): In the following we borrow an argument from [12] , namely the way to prove 
the concavity of A. 

We fix P g Bp and some normalized u g R 3 , and define 

e(t) :=E 3 (P + tu), h<t,(t) := ( 4> | Hj(P + 1 u) <j>) , 

for all normalized € V(H^') and all i e R. Thanks to Remark 13.21 we know 
that |/i0(i)| = \(4> | d 2 l Hj(P + tu) <f>)\ ^ Ci. Consequently, the function defined 
by A^(i) := -c x t 2 + h^t), t e R, is concave. Thus, A(t) := mi{A<p(t) : <p e 
V(H^ j) ), \\4>\\ = l},te R, defines a concave function, as well. By a general theorem 
on concave functions, we know that the left derivative A'__(i) and right derivative 
A' + (i) exist, and that A' ± are both decreasing, and coincide outside a countable 
set. A is diffcrentiablc at every point i € R where A'_(i) = A' + (i). Moreover, 
A(i) - A(s) = J* A' ± (r) dr. Since e(t) = A(t) + Ci t 2 , the function e also has left 
and right derivatives e' ± on R which coincide almost everywhere, and 

(3.19) e(t)-e(s)= f e' ± (r)dr, s,teR. 

J s 

Given h ^ Owe may choose u :— h/|h| and, inserting t = |h| and s := into (|3.19D . 
we obtain 

r|h| 

(3.20) B J (P + h)-J5 i (P) = e(|h|)-e(0)= / e'(r)dr. 

Jo 

Now, in order to prove (|3.15[) we may assume that Ej(P + h) — Ej(P) < — |h|/2, 
which together with ([3~T3"1) . £y ^ 1, and |P| ^ p implies |h| sC 2 (1 + ce) E (P)-2 < 
2 p + 1, if e > is sufficiently small, say e € (0, c ]. Thus, E (Q) < c (p + 1), for every 
Q on the line segment from P to P + h we integrate over in (|3.20[) and for c € (0, eo]. 
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Thanks to (|3T4|) we may conclude that \d u Ej(Q)\ sC 1 + c'e (p + 1) - l/4c 2 (p + l) 2 , 
for all Q on the same segment, where d u Ej(Q) exists, and for small e. Combining 
this with (|3.20[) and decreasing the value of eo, if necessary, we see that the assertion 
of (3) holds true. □ 



4. Spectral gaps 

In this section we derive lower bounds on the gap above the first (degenerate) 
eigenvalues of Hj(P) and H 3+1 (P). This is done by induction on j = 0, 1, 2, . . . . 
More precisely, as in [3U] we successively estimate the gaps of 

flJCP), JMP), fl?(P), . . . , H 3 {P), Hj +1 (P), H j+1 (P), ... , 

assuming that |P| ^ p and e > is sufficiently small. The crucial step is taken 
in Lemma 14.11 where the key ingredient (|3.15p is applied in order to estimate the 
gap of Hj + (P) in terms of the gap of Hj(P). After a technical intermediate 
step (Lemma l4.2[) the final results of this section are stated in Theorem 14.31 below. 
In the proof of Theorem 14.31 we perform the induction and estimate the gap of 
Hj + i(P) in terms of the gap of Hj +1 (P). Since our model includes spin we have to 
give an additional argument ensuring that the ground state eigenvalue always stays 
four-fold degenerated. This can, however, be done by an essentially well-known 
[2"Tj application of Kramer's degeneracy theorem. In [37] the authors also show the 
existence of a spectral gap, for strictly positive photon masses and small e > 0, when 
a pre-factor 7 <E (0, 1) is introduced in front of the square-root in (| 1 . 5|) (motivated 
by requirements of adiabatic perturbation theory) . A bound on the spectral gap of 
IR cutoff fiber Hamiltonians with 7 = 1 has not yet been derived. 
We denote the projection onto the vacuum sector in & k by P n j . 

Lemma 4.1. Let Assumption \2.1\ be satisfied and let k,j € No U {00}, k < j. 
Assume there exist p, eo > such that, for all P <E B p and e € (0, eo], E k (P) is a 
4-fold degenerate eigenvalue of H k (P). Let Tl k '•= ~^-{E k }{Hk) denote the spectral 
projection onto the corresponding eigenspace. Then the following holds, at every 
P G Bp and for all e G (0, eo].' 

(1) Ek is also an eigenvalue of H 3 k , and the range of H k ® P^j belongs to the 
corresponding eigenspace of H J k . 

(2) With q as in Lemma \3.dY 3) we have, for all p ^ and A > 0, 

(4.1) gap£ ^ min {gap fc , q p,} , E J k = E k , 

(4.2) Hj kd) + p sC maxjq- 1 , A" 1 } (fTjj - E k + X p) . 

(3) If j < 00 and gap fc > 0, then gap^ > and E k is also a J^-fold degenerate 
eigenvalue of H 3 k . 

Proof. (1): Recall that U{ = \D{\ + H^ k) + e$g + H^' j) , where iJ f (fe,i) Q? k = 0, 
\D{\ (1 ® P {V ) = \D k \ <g> P nJ , and H k = \D k \ + H^ k) + e$g. Therefore, 

k k 

(Hi - E k ) n fe ® p n{ - {(H k - E k ) n fe } ® p ni = . 
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(2): The following direct integral representation holds, for all n € U, 

(4.3) Hl(P)\^ [H](n) 

/© n n 

3 { H * ( p - E k ^) + E n } d3n (^ ■ • • > k «) ■ 

By virtue of (|3.15l) and the triangle inequality we obtain 

n n n 

H fc (P-]Tk/) >£ fc (p-£)l«) >E k (P)-(l-q)Y,\ke\, 

i=i i=\ i=i 

for all ki,...,k n G A 3 k . Dropping again the argument (P), we further conclude 
from the remarks in the first part of this proof that 

(Hi - E k ) (1 ® P ni ) = (H k -E k )® P ni > ga Pfc Il£ <g> P ni , 
where II^ := 1 — U k . Altogether we obtain 

Hi-E k > qi/ f (fcj) +ga Pfe n^P oi 

(4.4) > q Pj P^ + ga Pfc ® P n{ > , 

which yields (|4.1j) . Combining the first estimate in (|4.4[) with the obvious bound 
H^ k ' j) + P < maxjq- 1 , A" 1 } (q H { f k ' j) + Xp)we arrive at (l4~2l . 

(3): The assertion follows from Part (1) and (|4.4[) . □ 

In what follows we shall use the notation 

4(P) := sup mf{<^|(^-(P)-^(P))^) :^€Q(F f (i) ), \\<f>\\ = M-LL}, 

where ^i(J^) is the set of four-dimensional subspaces of J^-. According to the 
minimax principle /4(P) i s the f^th eigenvalue of Hj(P) — Ej(P), counting from 
below including multiplicities, or the lower bottom of the essential spectrum of 
Hj(P) — Ej(P). This notation shall be useful in a situation where we do not 
already know whether n 3 5 (P) be equal to gapj(P). 

Lemma 4.2. Let k,j G NoU{oo} ; k < j, and let all assumptions of Lemma \4-1\ be 
satisfied. Then the following form bounds hold true on Q{H[ r ), at every P G Bp 
and for all e G (0, eo] and A > ; with constants depending only on p and Co, 



(4.5) \Dj\ sc max{l, c/X}(Hj - Ej + A) , 

(4.6) ±(H j - Hi) < c'e max{l, 1/A} (H J k -E k + X Pk ), 

(4.7) ±(H J - Hi) < c"e (H : -E k + p k ) . 
Furthermore, 

(4.8) \E 3 -E k \^ttp k , 
and, if j < oo and gap fc > ; then 

(4.9) fjp 5 > (l-ce)gap^-cepfe. 
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Proof. To start with we observe that (|3.13|) implies the upper bound, Ej(P) ^ 
(1 + c eo) max|Q|^ p Eo(Q) —■ C, which is uniform in j £ N U {oo}, e £ (0, eo], and 
|P| ^ p. From now on we again drop the reference to P in the notation. Then 
\Dj\ ^ H,j -E,j+C (recall H ( f }) + e $ > 0) which implies g3J}. Combining ([2TPgj) 
and (14. 2\ we further obtain 

(4.10) ± {Hj - Hi) ^cz Pk \D{\ + ce(Hl- E k + Pk ) 

on Q{H\ 3) ). Adding the term c e p k (H^ + - E k + C) > to the RHS of (QUI) 
and absorbing one factor p k ^ k in the constant we arrive at (|4.(3[) . If, say, e'e ^ 1/2, 
then (|4.7|) follows from (|4.6j) and some trivial manipulations. From (|4.6|) we further 
deduce that Ej — E^ ^Hj — E k < (l + ce)(ff^ — E k ) + ce p k . By Lemma 14. II we have 
_Bfc = inf Spec[i?£] and, hence, the variational principle yields Ej — E k cep k . In 
the same way we infer the bound E k —Ej ^ c' ep k from (|4.7[) . Altogether this proves 
gU). Writing A/j := ker(H k - E k ) eg) [^](°) and S,- := {-0 e Q(H^) : ||^|| = 1} 
and employing (|4.6|) and (|4.8p we finally obtain 



inf (^(Hj-Ej)^) 
^eA/V-nSj 

>(l-ct) inf (0|(ffJ-£; Jt )0>+-Bfc-^j-c«Pfc 

> (1 - ce) gap£ - e'epfe . □ 

In the next theorem we combine the previous lemmata in an induction argument to 
derive a bound on the spectral gaps of Hj and H^ +l , j £ N. The argument based on 
Kramer's degeneracy theorem which is used to show that the ground state energies 
of both operators are four-fold degenerate eigenvalues is essentially well-known; see 
[27]. Let 

<«i> *-(; »)• o 

where 02 is the second Pauli matrix and C denotes complex conjugation. 

Theorem 4.3 (Spectral gaps of Hj and Hj 1 ). Let Assumvtion \2. 1\ be satis- 
fied. Then there exist Co > and q £ (0, q) such that, at every P £ Bp and for all 
t £ (0, eo] and j £ hlo, the following holds: 

(1) Ej — inf Spec[i/j ] = inf Spec [H? + ] is a four-fold degenerate eigenvalue of both 
Hj and Hj +1 and 

(4.12) ga.pj^qpj/2 and gapj +1 > qpj/2 . 

(2) The operators "d, X\, and X% commute with Hj and H 3+1 . If ipj is a ground 
state eigenvector of Hj satisfying Xiipj — ip^ (which always exists), then four 
mutually orthogonal ground state eigenvectors are given by ipj and 

(4.13) ipf:=X 2 ^f\ j>f> :=<&il>f\ := X 2 6j,f\ 

(3) Any vector ipj £ Jtifj is a ground state eigenvector of Hj, if and only if ipj'giQ^ 1 

■3- 
3 



is a ground state eigenvector of H 3+ 1 
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Proof. (1)&(3): It suffices to prove the following assertions by induction on j € No, 
stfj Ej is a 4-fold eigenvalue of Hj and gap^ ^ q pj/2 . 

In fact, if j <E No and the assertion stfj holds true, then Lemma [47T1 implies gap^ +1 ^ 
q minjyOj/2, Pj+i} = q Pj/2 and all the remaining statements of (1) and (3). 

Assertion ^ follows, however, from Lemma [3.51 if |P| ^ p, provided that q is 
sufficiently small. 

Now, assume that stfj holds true, for some j E No- Then the bound (|4.9|) is 
available as well as our conclusion gap^ +1 ^ qpj/2. In combination they give 

> C 1 ~ ct)qpj/2- cepj = qp j+ i (1 - c'e) ^ qpj+i/2, 

for small e > 0. In particular, there is some non- vanishing <j>j+i G T>{Hj + \) with 
ffj+i = -E-j+i Below we apply Kramer's degeneracy theorem in order to 

show that Ej + i is an at least four-fold degenerate eigenvalue of ffj+i- After that 
it also follows that gap,- +1 = > qpj + \/2. 

(2): Since 02 = cr| has purely imaginary entries we have d 2 — — 1 and 

(4.14) (<p\#il>) = -(il>\*<p), 

Obviously, i9 leaves V(Hj) = T>{H^') invariant and using {er^er^} = 25ki I2 and 
the fact that a?o, ai, and 0:3 have real entries it is straightforward to check that 
§Dj = Djtf on V{H { { 3) ). Since the fiber Dirac operator Dj is essentially self- 
adjoint on T>(Hf ) we deduce that it commutes with d on d'D(Dj) = T>(Dj) 
and its resolvent satisfies d Rj(iy) = Rj{—iy)d on Mj. Using, e.g., (12.14)) (and a 
substitution y —> —y) we infer that 1? \Dj\ = \Dj\ t9 on T>(Dj). Altogether it follows 
that ?? Hj = Hj-d on T>(Hj) and the same argument can be applied to Hj + . In 
view of (|2. 1 1|) it is clear that X\ and X2 commute with the Hamiltonians. 

So, let ipP be as in the statement of Part (2). Then i>f ] = dij}f ] € V(Hj) 
and Hj tpj = Ej ipj . Upon choosing ip := ip :— tpj in (I4.14j) we further see that 
i/jj-Lipj 1 ^ and the assertion of Part (2) becomes obvious. □ 

5. The dressing transformation 

Notation for Sections [5H9] and Appendix [Bj From now on we reserve the 
symbols D 3 k , H 3 kl and R k to denote the operators defined by ()2.7[) . (|2.10|) . and 
(|2.12p . respectively, {or the special choices (fj,gj) — (0, G 3+ ) and (bj,Cj) = (0,0) 
in Assumption \2.1\ Here G is the physical, ultra-violet cutoff coupling function 
introduced in (|1.4p and 

G j (k,A):=l^(k)G(k,A), Gf 1 (k,A):=l^+i(k)G(k,A), j e N . 

In fact, this choice is allowed in view of 

(5.1) |KGf i < cp) +v , v G {-1/2,0,1/2,1}, je N . 

More explicitly, from now on we fix the notation 

D{ := closure of {(a • (P - p { f 3) + z<p(G k )) + a )\ v{H u) ) } , 

Hi ■= \D 3 k \ + H®, R 3 k {iy) := {D{ iy)~K 
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The symbols Ej and gap.,- will always denote the ground state energy and the 
spectral gap, respectively, of Hj — . 

If we work with other choices of (fj,gj) and (bj,Cj), then we shall always indicate 
this by putting accents on top of the symbols D, H, and R. 

Pick some p > and let < q < q < 1 denote the parameters appearing in 
Lemma T3. 6( 3) and Theorem 14.31 Let also j € N and recall the definition Q1.7P of 
Pj. We always assume that 

(5.2) |P|<p. 

According to (|4.8p and (|5.2p we may choose e > so small that 

(5.3) \E j+1 -E j \^ctp 3 -^qp 3 /8, 
and Theorem 14. 3f 1) and (|5.2p imply 

(5.4) gapj > qpj/2 , gap J+1 > qpj+i/2 = qp 3 /A . 

We define spectral projections associated with the ground state energy, 

(5.5) n 3 -(P) := l {Ej[P)} (Hj(P)), Hf \P) := t [E]{P)} (Hj +1 (P)) . 
For later reference we note that Theorem 14.3( 3) and (|5.2p imply 

(5.6) nf 1 (p) = n j (p)®p nfl , p nr H^-'xnf';, 

where = (1, 0, 0, . . . ) is the vacuum vector in + . Notice that £^ is analytic 
on Z?p by the discussion in Section [3] and by Theorem l4.3f 1). 

From now on fj will always denote the coherent factor defined in (|1.12p . By 
now we actually know that fj is well-defined by (|1.12p . as (|3.15p and (|5.2p imply 
|V-Ej| ^ 1 — q < 1, for every small e. 

5.1. Definition and basic properties of dressing transformed operators. 
Define U 3 by (fTTTTp . i.e. Uj(P) = e -" ro (^( p )). Obviously, Uj acts non-trivially 
only in the second tensor factor of J4?j+i = S3 &s • Standard arguments imply 
that [/j maps 

P([if f (i+1) ]") into itself, for every v J? 1/2; see Lemma [C II of the 
appendix. Therefore, we may take strong derivatives at t = of the following Weyl 
relations on the domain of [H[ E J ' +1 )]7 a ) 

e - ie< °(/j) gtovCO e ieK7 (/j) — g-iteifj \ h ) e itl fi{h) 

where f £ K and /i g L 2 {A^ +1 x Z2) is real- valued. Using also the relations (II. 3p 
we thus obtain 

E/,- a»(/i) C/; = a»(/i) - c < ft| /j )" on P([i? f (jJ+1) ] 1/2 ) . 

As a preparation for the succeeding subsections we next compute explicit represen- 
tations of the transformed operators 

(5.7) := UjH j+1 U*, D j+1 := UjD j+1 U*, H^ +1) := U.H^U*, 
for all j G No. The action of C7j can be expressed by means of the quantities 

pj +1 :=/ i k + G^ +1 , c,:=(^|Ff 1 +Gf 1 ), bj ~{fj | u fj) , 
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which all depend on P through fj = /j(P). They satisfy the bounds 

(5.8) l&iUciKcp,-, ||w"Pj +1 ||<cp^, i/G {-1/2, 0,1/2,1}, 

which follow from elementary computations and |V£j| ^ 1 — q < 1. The constant c 
in (|5.8j) neither depends on j, e G (0, to], nor on P G Bp. (It does depend on eo and 
p.) In the proof of Lemma |5"^H the following identity leads to an absolutely crucial 
cancellation of terms which, by counting powers of pj , seem to destroy the iterative 
analysis at first sight, 

1 1 A3 + 1 ..UP. 

(5.9) Fj +1 -Vgj= , \ a , 3 =ufj, k-lkl^k. 

V ' 3 3 (2tt) 3 /= |k|V» l-k-VBj 

Writing H^ +1 'ip = H^tp + J2i o^{^ 2 ^i) aiy^^&t) ip, for some orthonormal basis, 
{ej, of J#?' + \ and for V G £>(# f (i+1) ), we deduce that 

(5.10) iT f °' +1) = ff f °' +1) - e ^(w fj) + t 2 b 3 on V{H\ i+l) ) , 

(5.11) 4- +1 =£>j +1 + a-{e^ +1 )-e 2 c,} on V{h\ 3+1) ) . 

Lemma 5.1. For all p > 0, we find e a > swc/i £/iat, for all P G Bp, e G (0, eo], and 
j G Nq, i/ie operator Hj+i is self-adjoint on X>(ifP + ) and essentially self-adjoint 
ontfj+i. Moreover, H J+1 = \D j+1 \ + h[ 3+1) - ap(uj fj) + c 2 bj. 

Proof. We may apply Lemma 12. 2\ if fj , gj , 6j , and Cj are chosen appropriately in 
Assumption 12. 1[ which is then satisfied in view of (|5.1[) and (|5.8|) . (Self-adjointness 
on V{H[ 3+1) ) follows also from and Lemma £3]) □ 

To study the multiplicity of the ground state eigenvalue of the renormalized Hamil- 
tonians we also define the following dressing transforms, 

k-i 

(5.12) W k (P):=l[Ut(P), keU. 

£=0 

(While an analog of W/. used in [9, 30 is defined only in terms of -Efc-i, our choice of 
Wk involves the functions Eq, ... , E^-i- We think that this simplifies the analysis 
by avoiding the discussion of the "intermediate Hamiltonians" appearing in [91 130).) 
Without danger of confusion we shall consider Wk as a unitary operator in the 
various spaces Jffj with j G N U {oo}, j > k, by identifying Wk = Wk ® 1. We 
abbreviate 

fc-i fc-i 
, 9fc (P) := £ //(P) , Pfe(P) := E F ^ +1 ( P ) > 

C fc (P) :=( fffc (P)|G fc + F fe (P)), S fc (P) := ( flfc (P) | Wflfc (P)) , 

where fc G N. In order to apply the results of Section 0] we actually have to 
consider the momenta appearing in the transformation Wk and in the Hamiltonian 
as separate parameters. For the functions introduced in Assumption 12.11 do not 
depend on the total momentum. So, let k,j G No U k ^ j, |P| ^ p, and 

Q G R 3 . Then we define 

(5.13) Di(Q, P) := a {Q - p f w) + e^(F fe (P)) - e 2 C fe (P)} + a , 
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a priori as an essentially self-adjoint operator on ffj, and then by taking its closure; 
see Lemma I A. II Furthermore, we define, on the domain T>{H^), 

(5.14) Hl(Q,P) := \Di(Q,P)\ + -ttp(wg k (P)) + e 2 5 fe (P) . 

As usual we write Hj := HL j G N U {oo}. By definition and (|5.10p fc (|5.1ip . 

(5.15) Hl(Q,P):=W k (P)Hi(Q)WZ(P), k < j , k < oo , 

and analogously for D 3 k (Q,P), k < oo. Notice that the unitary transforms Wk do 
not have a limit since ^o° fj t L 2 (R 3 x Z2), so that (|5.12[) does not make sense in 
the case k = 00 and there is no analog of (|5.15j) with k = 00. Finally, we abbreviate 

(5.16) ll!:V:: ///:P.Pi. |P| < p . 

Lemma 5.2. Let p > be arbitrary and eo > be sufficiently small. Then the 
following holds, for all P G B 9 , Q G R 3 , e G (0, eo], and j G No U {00}: 

(1) The operator iJ°°(Q,P) is self-adjoint onT>{H{) and essentially self-adjoint on 
c €oo. Moreover, if°°(Q,P) — > H 00 (Q,P), j — > 00, in the norm resolvent sense. 

^mfSpec[ff9°(Q,P)]=^(Q). 

(^5) FFe /md c, c' > 0, depending only on p, eo, such that 

±(i?oo(P) - £f(P)) < ce (#oo(P) - E,(P) + Pj ) 

(5.17) ^c't(H 00 (P)-E 00 (P)+p j ). 

Proof. Upon choosing fj, gj, bj, and Cj appropriately we are in the situation of 
Assumption ^. II In particular, (1) follows directly from Lemma \2. 2 1 

(2) : If j G N , then H°° is unitarily equivalent to Hf 3 (by l|5TT5) ) and the 
statement is clear. Since — > i?oo, fc —> 00, in the norm resolvent sense we have 
inf Spec[if£°] — > inf Spec[-ffoo]. This proves the assertion for j — 00, since we also 
know that E k — > -Boo- 

(3) : The first inequality in (|5.17[) is a special case of (|4.7[) . The second one 
follows by applying (I4.8p . □ 

Remark 5.3. We close this subsection by explaining why the following bound to be 
used later on is actually a special case of (I3.5[) . 

(5.18) WiU^H^UJ-diH^)^ < cepf |hm(ffp +1) +p J ) V >|| , 

on Bp and for all f = 1,2, h e R 3 , e G (0,e ], j G N , ip G V{H ( { 3+1) ), and some 
c, eo > 0. In fact, setting 

(5.19) Ilj+^iyi^UjRj+^U; = (D j+l - iy)' 1 , y G R , j G N , 
and using (|3.2p and (|3.3p we observe that 

UjdiH^U* i/> = {-lf+ l lim f T R J+1 (iy) {a ■ hR j+1 (iy)}^ *$L . 

T->oo J_ T 27T 

On the RHS we have the derivatives of Hj+i w.r.t. the total momentum when 
the total momentum P in the transformation Uj(P) is kept fixed. Thus, we are 
precisely in the situation of Remark 13.31 O 
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5.2. Comparison of transformed and non-transformed operators. In the 

following important lemma we compare the Hamiltonians Hj+i and H^ +1 on the 
range of the projection Ifj +1 given by (|5.5|) and (|5.6|) . It will be applied in the 
proof of Lemma 16.11 below. Thanks to (15.91) the error term Aj in the next lemma 
is of order ep 2 . If it were of order e pj only, then the proof of Lemma |6. II did not 
work. The term t 2 Xj in the next lemma, with 

h 3 :=c r VE j -{fj\ufj) = { fj | VE 3 • Gf 1 ) > , x j = 0{p j ), 

does not cause any harm to Lemma |6 . 1 1 since it is non-negative. (Even if it were 
negative one could exploit that it is of second order in e.) Besides (|5.19[) we use the 
following notation for resolvents of the Dirac operator, 

R^iy) = (D j - ly y\ R] +1 {iy) = [D] +1 - iy)-\ 

Lemma 5.4. For all p > 0, there exist c, eo > such that, for all e G (0, Co] and 
j G No, we find some rank four operator Aj £ B(Ji?j+i) with \\Aj\\ ^ ce P 2 and 

(II,. i - Hj+'+e 2 ^) nj +1 = c : 1 1 ; V//,H,: ® {^(Ff 1 ) - cc,}/'„ + .1,. 
Proof. Let G V(h\ 3) ). Abbreviating Aj(y) := - R^iiy) we have 

(5.20) /:={|4- +1 |-|I>J +1 |}i?®^ +1 = lim /" Aj(y)(i? ® fif 1 ) ^ . 

A brief computation using (|5.11[) (and taking Lemma lA.21 into account) yields 

(5.21) (D j+1 -iy) Aj(y) = a • {c 2 c 3 - t<p(F* + *)} Rj +1 (iy) onV(H^ +X) ), 

(5.22) ® ftf 1 ) - R j+ i(iy) a (Rjiiy) 0) ® {e 2 c 3 Of 1 - e |Ff 1 )}. 

We recall that |cj|, ||F^ +1 || < cpj, \\R*(iy)\\ < (1 +y 2 )- 1/2 , and observe that the 
resolvent R^ +1 (iy) leaves the subspaces 3£ n := <g> n = 0, 1, . . . , invari- 

ant. Moreover, the restriction of the field operator y(F^ +1 ) is bounded as a map 
from So © to J ®^i© S>, with norm < c ||F^ +1 || < c'p r Taking all these 
remarks into account we infer from (|5.21[) that 

(5-23) W*j(v)\xo®x 1 \\<"PjQ-+V 2 )- 1 - 

Rearranging (|5.22l) using we further obtain 

(5.24) Aj(y)(^ ® ^ +1 ) - (Rj{iy) a R 3 {iy) 0) ® {e 2 Cj ftf 1 } -V + W, 

V := R] +1 {iy) a [R 3 {iy) 0) ® | e F} + *) , 

:= A^y) a (R^y) 0) ® {e 2 Cj nf 1 - e |Ff *)} . 

We represent V G ^ ® as = {F A (k)} G L 2 (^ +1 x Z a ,J^) with 

Vx(k) = eF^ +1 (k,A)i? i (P-k,iy)ai? J (P,iy)^, a.e.keij +1 , A G Z 2 . 

Since |k| ^ pj, for k G Aj + , the resolvent identity implies Rj(P — k, iy) = 
Rj(P,iy) + C(pj (1 + t/ 2 ) -1 ), and together with ||F^ +1 || s$ cpj this gives 

V = (R^ocRjiiy)^ ® |eFf x ) +0(ep| (1 + y 2 )- 3/2 ||0||) . 
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The inequality (|5.23p applied to the third member on the RHS of (|5.24|) yields 
\\W\\ < cep,-(l + ^II^Cn/MK^M + e||Pj +1 ||} < c'e 2 p 2 (l + y 2 )- 3/2 ¥l 

Altogether, employing the formula (|3.2[) for the derivative of Hj and using J R dy/(l+ 
y 2 ) < oo, we see that the term in (|5.20|) can be written as 

/ = (VHj 0) ® {e |Fj +1 > - t 2 Cj + 0(cp 2 ||0||) . 

But we have (H 3+1 - Hj +1 )(j) ® f^ +1 ) =1 + 11 with 

// := (H f (J+1) - ff f (j+1) )(i? ® = ei?® {tW^fjfa^ 1 - \ufi)} . 

Applying these formulas for every § £ Ran(ILj) c X>(i? f ) we arrive at 

(h j+1 h] +1 ) nf 1 = e vfli n, ® |Ff 1 )<nj+ x | - en,® 

+ (e 2 /, ) - e 2 C j • Vfl» nf 1 + 0(e p 2 ) , 

and we conclude by means of (|5J| and Vil, ELj = V-Ej- EL; + n+V-ffj EL,-. □ 

5.3. Comparison of resolvents. In order to control the difference of various oper- 
ators attached to succeeding scales in the IAPT it is necessary to prepare a number 
of resolvent comparison estimates. This is done in the present subsection. To start 
with we introduce some notation for various resolvents: 

For all P £ Bp and j e No, we abbreviate (compare (|3.8|) and (|5.4|l ) 

HjO?,z) := (Hj(P) - Ej(P) + z)' 1 , Rez>0, 

^ +1 (P,z) := (Hi +1 (P)-E j (P)+z)~\ Rez>0, 

7^(P) := (H j (P)Uf(P)-E j (P))- 1 Uf(P), 

(5.25) ^(P,k) := (^•(P-k)- J B j (P) + |k|)" 1 , keR 3 . 

We shall see in the proof of Lemma f5 . 5 T 11 that the resolvent in (|5.25[) is actually 
well-defined. Since the spectral gap of Hj+i is not smaller than qpj/A we further 
know that the restriction of Hj+\ — Ej+i to the range of ELy+i := 1 — ELj+i, with 

(5-26) TL j+ i:=l {Ej+l} (H J+1 ), 

is continuously invertible, for every z £ C, Rez > —qpj/A. In fact, defining 

(5.27) (H> + y := Hj +1 (U^Y, : = (( H j + V - E^Q^Y 

(5.28) Hj- +l := H j+1 Ilf +1 , Kj +l (z) := (Hj~ +1 - E j+1 + z)' 1 Ilf +1 , 

on Bp and for j £ No and 2 as above, we infer from (|5.3|) and ()5.4j) that 

||(^ +1 ) x || = (gapf V 1 < cpj 1 , ||7^ +1 (z)|| < (q Pj /4 + BBz)-K 

Lemma 5.5. Pick p > and let 5j be some real-valued function of small e > with 
5j = 0{t pj). Then we find c, eo > such that the following holds, for all P £ Bp, 
e £ (0, eo], and j £ N : 
(1) For all tp £ Jtfj and k £ Aj+i , 

(5.29) ||^-(P,k)II 3 x (P)^| <c||^+(P)V||. 
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(2) For all ip £ J% <g> {C^ +1 ® L 2 {A] +1 x Z 2 )} C s £ {1/2, 1}, we We fee 

||^ X +1 (^-) S (nf Vv - iif +1 (m + Y) s M\ 

(5-30) < cepj- s (W + ||(^ +1 ) x ^||), 

(5.31) H^+x^j) V|| < (1 + ce) IK^f V VII + c e ||V|| • 
Proof. (1): On account of (|5 ,3|) and |k| ^ pj + i = pj/2 we have 

(5.32) r,(P,k) := E,(P - k) - Ej(P) + |k| > Pj /A. 

Hence, Ej(P) — |k| belongs to the resolvent set of both Hj{P — k) and Hj(P) and 
(|2.22jl together with the second resolvent identity implies 

|| (^-(I» 5 k) - ^-(P, |kj)) *][ < c|kj H^-CP - k)V^.(P 3 k)][ |[^-(I>, |k|) *|| , 

for all iff £ Jtfj. Here |k| ^ p 3 and, by the spectral calculus, the first norm on the 
RHS is not greater than Ej(P - k) 1 / 4 /^ (P, k) l(p)/pj- Choosing * := Iffvp we 
obtain (j5T29|) since, of course, \\Kj(P, |k|) U+-0II < \\Kf(P)i>\\- 

(2): We may apply Lemma l2~2l with A] +1 = </?(F^ +1 ) - ec,- and $j = 0, <^- +1 = 
<p(uj fj) + e( fj \ u) fj). Indeed, let t ^ 0, e > 0, and z := t + is. Then S 3 - = 0(c pj), 
\Ej — Ej + i \ = 0{tpj), and the first inequality in (|2.16l) imply 

:= \\fLf +1 (ft J+1 (z + 5 S ) - K] +1 (z)) {If] +1 )^\\ 

<cepf ||n J J - +1 ^ J+1 (z + ^)|| 
• || \D j + 1 \ 1 l\H^ j+1) + p j fl\lf i + 1 )^ 1 {z)^\\ . 
Here, (|5.3p and (|5.4[) permit to get 

+ 8j) tff +l \\ < (gap J+1 + ^ + t)- 1 < c ( Pj + t)~\ 

uniformly in e > and small e > 0. Moreover, (iff p./) 1 / 2 commutes strongly 

with (n^ 1 )- 1 and Tl] +l {z). Since also |Z>j +1 | s$ - £y) + fy and E 3 - sC c(p) 

on Bp we deduce that 

:= lim || |^' + Y /3 (^ f ( " +1) +Pi) 1/2 (n^ +1 ) X ^ +1 (^) 0|| 

< ii(Hp' +i) +ft) i/2 ((^ + r) v ^n +c||(iip +i) + ft ) i/2 (^r) x ^ii ■ 

Next, we use that V and, hence, ((^ +1 )- L ) S -0, belong to := ^ ® {COj +1 8 
L 2 (^ +1 x Z 2 )} and that 77 £ .£} entails || (i? f (ij+1) +p J ) 1 / 2 ?? || <^ (2pj) 1/a |MI- Taking 
this observation into account we obtain 

e < c P f (||((^ +1 ) x )V>n + 1|(^: +1 )^ 011) < t'pf (11011 + ||(^ + y 011) . 

Altogether we arrive at 

< ce Pj ( Pj +i)- 1 (||0|| + ||(^: +1 )^ VII) , 
for every ip £ S£j. For t = 0, this is (|5.30[) with s = 1, which immediately implies 
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Let A^ 1/2) denote the LHS of flOU]) with s = 1/2. We have TZj +1 (S J ) 1 ^ 2 = 
J °° TZj- +1 (t + 8j)t~ 1 / 2 dt/n and an analogous representation of the square root of 
(7£j +1 ) x . Therefore, 

which is (|5.30l) with s = 1/2, as the integral on the RHS equals pj 2 . □ 

6. Regularity of the ground state energy 

The main objective of this section is to show that E^o is twice continuously differ- 
entiable and strictly convex on B p , at least for small e > 0. The starting point of 
our analysis are the Hellmann-Feynman type formulas (|3.9p and (|3.10l) for the first 
and second derivatives of the approximating functions Ej, j G IN. To make use of 
these formulas we first have to control the quantities 

(6.1) := ||(7^) s n+ VHi ILJ HS , j e N„, a € {1/2 , 1} . 

Here and henceforth we set ||T|| 2 := \\T x \\l + ||T 2 || 2 + \\T z \\l, for a triple of operators 
T = (T 1 ,T 2 ,T 3 ) and a suitable norm || ■ ||„. The expression in (16.11) is well-defined 
since Ran(IL;) C T>(Hj) = V(H^ ] ) C V{d, 1 H i ) and Tr[II,-] = 4. From ([33} we 
immediately obtain the a priori bounds 

(6.2) VHj ILJhs < 2 HVff, n,-|| c , K ( / ] < cpj*, 

uniformly on S p . If we seek for a better bound on Kj , showing that it actually 
stays bounded, as j —¥ 00, we must not estimate the effect of the resolvent in 
(|6.1[) trivially, as we just did, by its norm which is of order p~ s . It is a guiding 

is) 

theme in Pizzo's iterative analytic perturbation theory that expressions like ivj 

(s) (s) 

are estimated inductively, i.e. by relating Kj to its precessor Kj_ 1 . In fact, the 

( s) 

estimation of Kj ' is enmeshed in the analysis of the ground state projections of 

H°° and vice versa. The convergence of the latter is shown in the next section as 
an immediate consequence of the results obtained in the present one. 

Let k, p > be fixed in the whole section. The first step is to bound the difference 
of the projections defined in (|5.5[) and (|5.26l) in terms of K\ . 

Lemma 6.1. We find c, Co > such that, for all P € Bp, e G (0, eo], and j € No, 

||fi i+x - nf ^ins, ||fi+ +1 nJ +1 || H s, ||(nf Violins < c* Pj (k™ + 1) . 

Proof. Step 1. First, we consider ||ft£|_ 1 IIy + ||hs- Let j<j ^ be the constant 
appearing in Lemma By (15 ,3|) and (|5.4p we know that the restriction of ffj+i — 
Ej + t 2 Xj to the range of ilf + i is continuously invertible. In fact, (|5.4p implies 
|| {Hj- +1 — Ej + z 2 Xj)~ 1 flj- +1 1 ^ c pj 1 , for small e, where we use the notation l|5.28[) . 

Since Hj+\ and iff have the same domain, which contains the range of nf , 
this permits us to write 

ILf +1 nf 1 = {Hj- +1 -E J+ e 2 ^)- 1 II;., (H j+1 ll[ ■ + e 2 ^) II; 1 . 
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Applying Lemma 15.41 we obtain 

II; ill! ; = - Ei + z 2 ^)- 1 !!^ Q j + 0(t Pj ) , 

where the rank four operator 

9, := e (IL| V//, II . i ® {ot(pj+ v ) - e c,} P^ +1 

satisfies ||0j||hs ^ ce Pj according to (|5.8|) and (|6.2|) . Since we have Ran(6j) C 
Ran(lTj +1 )- L n {Jfj <g> (C 8 L 2 (-4j +1 x Z 2 ))} we may apply (IOTP (with = 
Ej+i — Ej using Xj ^ 0) to deduce that 

||n+ +1 nf ^Ihs SS (1 + ce) ||(ftf V GJhs + cep, . 



Next, we consider the action of (Ttj ) on Qj more closely, taking into account 
that (rrj+V =Hf® P a j+i + 1 <g) P± +1 and, hence, 

(^ +1 ) X ^® i »(^xZ a }= r +i (^(P-k)-^-(P) + |k|)-Vk; 

recall (|4.3p and (|5.32p . The resolvents under the direct integral are just the ones in 
(15.251) . For the member of Qj without creation operator we thus have 

m + V(nf v//, ® /',, . ) = (nfvHj ii. i ® p nfl . 

Applying (|5 . 29[) we further deduce that 

||(ftf Y vi^ it) ® t(Pj+ x ) p^ :+1 || HS < c HPj^iiii^vff, n,|| H s , 

by computing the Hilbert-Schmidt norm on the LHS in a basis of the form {ei®e^}, 
where {ei} and {e' e } 3 are orthonormal bases of Jtfj and , respectively. 

Using also the a priori bounds (|6.2[) . 1 1 ©j 1 1 hs ^ ce Pj ; and ||F^ +1 ||, |cj| < cpj, we 
obtain, for sufficiently small e, 

(6.3) ||fl+ +1 nj +1 ]| HS < ce Pj (iff + 1) < 1/2. 

Step 2. Next, we turn to ||n j+1 - Ibj +1 || HS and || {I^ +1 ) x U j+1 ||hs- 

Choose any orthonormal basis, {Xfe}feLii 01 ^j+i with LLj+i Xfc — Xfc> Ior & = 
1,2,3, 4, and n| +1 X k = Xk, for * > 5. Then 

OO 

(6.4) ||n i+1 - nf 1 ||« s = £ ||(n, +1 - nf x ) Xfc || 2 

4 oo 

= £ ll(nf V fi i+1 x.ll 2 + £ ll n f 1 ^ll 2 - 

fe=l fe=5 

The last expression on the right side of (|6.4[) is just 

oo 

(6.5) Elinf'ni+iXfell 2 = llnf 1 fl+ +1 ||^ s = lin^nf i^. 

fc=5 

Thanks to Theorem I4.3f 1) we may pick a normalized <j>\ € Ran(ITj +1 ) satisfying 
Ai 0i = 0i. By (|6.3p we have ||ITj + i0i|| ^ 1/2. Thus, we may define xi '■— 
ITj + i0i/||rij + i0i||. Clearly, X\ \\ — Xi- Since X\, A2, and $ commute with 
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we may choose \i := X2XI1 X3 '■— ^Xij an d X4 = ^2$Xi; see Theorem 14.3( 2). 
Moreover, 

ll(nf 1 ) ± n J+ i||^s = Ell(nf 1 ) ± n J+ ix fe || 2 = 4||(nf 1 )^n J+lXl || 2 

k=l 

(6.6) *s i6||(nf yft J+1 nf Vill a < ie||ftj- +1 nf ^Hs. 

Combining (|6.3[) . (|6.4p . (|6.5[) , and (16.61) we conclude the proof. □ 
Lemma 6.2. There exist c, eo > such that, for all Pe6 p , e G (0, eo], and j G No, 

(6.7) K$ x ^(l + ce)^j 1) + ce, |^ - xf /2) K cepf + 1). 

Proof. Let s e {!/2,l}. We derive a bound on the difference between the two 
numbers 



a s := \\(Kf +1 ) s (Uj VH j+1 U*)IL j+1 \ 



HS 



with 

(6.8) Kf +1 := (H j+ i Ilf +1 - Ej+r)- 1 II;., = ^ Tlf +1 U* . 

(s) 

Notice that a s = -fQ +1 by unitary invariance of the Hilbert-Schmidt norm, and 
a' s = K { f ] because ILj +1 = Il f (giP^+i and (U^ 1 ) 1 - and VHj +1 reduce to Tlj and 

Vifj , respectively, on Jtfj ® C 17 j +1 . To compare these two numbers we successively 
replace each operator in a s by a corresponding one associated with the preceding 
scale j. More precisely, we estimate 

(6.9) \a s - a' s \ ^ \a s - b s \ + \b s - c s | + \c s — d s \ + \d s - e s \ + \e s - a' s \ , 
with 

b s := || (Rf +1 y (Uj VH j+1 [/*) nf 1 || HS , 



c« := 



4 := ||(7^ +i nilf YVHi +1 Il j+1 



e., ■= 



3 1 3 3 IIHS' 



Each of the following five steps deals with one of the absolute values on the RHS 
of 



Step 1. First, we replace the projection flj+i in a s by ITj +1 , 

(6.10) |o. - 6.1 < pj (VH j+1 (nf +1 y) u;\\ ||nf 1 - rW|| HS . 

From p.4p and the spectral calculus we deduce that 



(6.11) \\VH j+l (Kf +I y || < \\VH j+1 H£{ 



A i 



h 1/2 n- 1 



By Lemma l6~T1 we obtain \a s — b s \ < ccpj~ s (Kj lJ + 1). 



— s 
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Step 2. Next, we replace the velocity U 3 \JH j+1 U* in b s by VHj +1 . This is 
just a direct application of (|5.18[) which together with ||(7^^ +1 ) s || ^5 cpj s and 
(H^ +1) +p j )^m j +1 =p/ 2 m j +1 implies 

||(^+i) s {U^H j+1 U* - Vi^ +1 )nf ^ < cepj" 8 . 
By definition of b s and c s we thus have \b s — c s \ ^ cep].~ s . 

Step 3. By (|3T9"]). i.e. rrj +1 VHj +1 rbj +1 = V£j IrJ +1 , and by LemmaHwe obtain 

\c. d s \ < IV^I ||(^ +1 ) s || \\Uf +1 ni+% s < ce^ 1 " 8 (iff + 1) . 
Step ^. We employ (|5.30j) with <5j := to deduce that \d s - e s \ < c tp^~ s (a' x + 1), 
where = 



5"iep 5. By Lemma 16. II and the fact that the Hilbcrt-Schmidt norm dominates the 
operator norm, 

(6.12) \e s - a' s \ < ||fl J+ i (nf Yhs a' s ^ce Pj {Kf ] + 1) a' s . 

Collecting the results of the above steps and using a s = K$%, a' s = Kf \ and 
a' s < c pj s (by (HHJ)), we arrive at - K { f ] \ ^ c e p^^K^ + 1), which implies 

HOl . □ 

Corollary 6.3. There exist c, eo > such that, for all P € S p , e € (0, eo], and 
j G No, we have 



.i 

as well as 



Kf ] < (1 + c t) j - 1 , xf /2) < c e (1 - (V2) 3/2 (l + c t) 3 ) , 



||n J+1 - Dallas, ||fl+ +1 nf ^Ihs, W^Hi+iWw < ce(l + ce)' ft • 

Proof. First, we prove the bound on ifi by means of (|6.7[) using K ( s) = 0, which 
follows from the fact that dhHg and ITo are merely multiplication operators which 
commute with each other. After that we use again (16.71) to obtain the recursion 
formula KjXf ^ Kj 1 ^ + c e (1 + c e)i p 1 -, which together with K^ 2 ^ = yields the 
second asserted bound. The remainder of the proof follows from Lemma 16.11 and 
the bound on i"Q we have just obtained. □ 

Theorem 6.4. There exist c, eo > such that the following assertions hold, for 
all e £ (0, eo].' We have Eoo — linij_ >00 Ej in the norm of C^(B P ) and \\Eoo — 
Eo\\c%(B p ) ce - More precisely, we have the following estimates, 

(6.13) \Ej -Eoo] < ctpj, 

(6.14) \dkiEj - E^l <ce(l + ce)^, 

(6.15) |^( J B i -S 00 )|<ce(l + ce) i pf, 

uniformly on Bp and for all h 6 R 3 , |h| = 1, and j € No- In particular, Eoo is 
strictly convex on Bp and attains its global minimum, infp £ R3 E^, atP = 0. 

Proof. For sufficiently small e, we may infer (|6 . 1 3[) from (|5.3[) ; compare (|6.19[) below. 
Recall the formulas in (|3.9[) and (|3.10[) for the first and second derivative of El = E^. 
When we represent d£Ej+i , v = 1, 2, by means of these formulas we actually replace 
all involved operators by unitarily equivalent ones using the fact that the trace and 
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the Hilbert-Schmidt norm are invariant under conjugation with Uj. For instance, 
4dhEj+i is equal to a\ with 

a v := Tr[fl J+1 U 3 {d£H j+1 } U* , u = 1, 2 . 

In order to deal with operators defined on the same Hilbert space we represent d^Ej, 
v = 1,2, in terms of the Hamiltonian Hj +1 . In particular, we write Ad^Ej = a[ 
with 

«' : Tr ii; 1 ' ;. „=1,2. 

We plan to estimate |a„ — a' v \ < |a„ — 6„| + \b v — c v \ + \c v — a' v \ with 
6, := Tr[lI J+1 U 3 {d£H j+1 } U* Ilf x ] , 

c„ :=Tr[n j+1 Kflf^nf 1 ], 

for i/ = 1,2. Here, we have 

k - M «s \\ti j+1 ^k^- +1 }[/;i|hs ||nf 1 - ft i+1 || HS , 

and because of ||fi i+1 Uj{d£H j+1 } Z7/||| s s$ 4 ||{0£i3j+i }n i+ i|| 2 it follows from 
(j6~2|) and Corollary [631 that - 6„| s$ ce(l + ce) J Pi> v = 1,2. By (f5TT8|) we 
further have 

.IK^^ + p^^n^iiHs-lin^iiHs^cep,, 

since (H^' j+1) + pj) 1 / 2 ITj +1 = p] /2 I^ +1 by Theorem [Ep). Again by (12]) and 
Corollary 16. 31 we finally know that 

\c v - a' v \ <\\{d^ +1 } nf ^Ihs ||nf 1 - II j+1 ||hs < ce (1 + ct)* Pj . 
Altogether this yields 

(6.16) 4 \d h {E j - E J+l )\ if = 1 |a„ - a'„| < ce (1 + c e)V,- , 

which implies (|6.14p . if e is sufficiently small; compare (|6.19[) below. 

Next, we turn to the second member in the formula (|3.10[) for the second deriva- 
tives. We have 

(6.17) 4dl(E j -E j+1 ) =a' 2 -a 2 + 2A, 
with 

a : = \\&f + i) 1 ' a u j {d h H j+ i}u;ll j+ i\& a - \\((nfYTHdHHi +1 }iq +1 \\ 2 HS . 

Employing Lemma 16.21 and Corollary 16.31 we infer that 

(6.18) |A| < + K^) \K<$> - < ce 2 (1 + c^pf. 
Combining (|6.16[) - (j6.18|) and using pk — Pj (V2) fe_J , k ^ j ^ 0, we get 

oo oo 

(6.19) Y, \d 2 (E k+1 -E k )\ < ce£(l + ce) fe P f < ^(1 + ce)Vf, 

fc=j fe=j 

uniformly on £> p , provided that e > is sufficiently small with b := (1 + c e) (V 2 )^ 2 < 
1. By the Weierstrafi test this implies (I6.15p . Since Ej and Eqo are rotationally 
symmetric this also implies convergence in C 2 (B P ). 

To discuss the convexity of E^ we recall that Eq(P) = (P 2 + l) 1 ' 2 . Since 
infg p dpE > 0, we obtain mfg p dpE^ > from (|6.15p . provided that e is small 
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enough. So -Eoo is strictly convex on Bp. By rotational symmetry, V-Eoo(O) = 0, 
thus Eoo attains its unique minimum in Bp at 0. Thanks to Lemma 13.6( 1) we 
know, however, that for small e, the global infimum of Eoo is located in Bp, i.e. at 
P = 0. □ 

7. Existence and multiplicity of ground states 
Let Pn°° be the projection onto the vacuum sector in j^j 50 . On wc define 

fif (P) := ft, (P) ® Pn- , with fij (P) := (P) H, (P) (P) . 
Here j € No and the unitaries Wj are given by (|5 . 12[) . Then 



Hence, by Corollary 16.31 we may define the rank four projection 

(7.1) noc(P):= limfif(P), 

if e is sufficiently small. The goal of this section is to show that is the ground 
state eigenprojection of the operator introduced in (|5.14p - (|5.16[) and discussed 
in Lemma [5.21 This will prove the first assertion in Theorem ll.3f 1). From (|2.11[) 
and Corollarv l6.3l we then also infer that the rate of convergence asserted in Theo- 
rem ll.3f 1) is correct. 

In order to show that the range of Hqc is the whole eigenspace of Poo corre- 
sponding to Eao we need the next proposition. Its proof is based on the following 
consequence of (|4.8p and ([5.17)1 . 

(7.2) ci (^oo — Eqo + e pj) > Hj° — E 3 . 

Proposition 7.1. Let P € Bp and suppose that is a normalized ground state 
eigenvector of H OQ (P). If e > is sufficiently small depending only on p, then 

(7.3) liminf ||ftf <p\\ > 0. 

j—^OO 

Proof. Defining Fj(t) := (1+tci t ^^(l +tci(Poo -E^ + z Pj))- 1 ' 2 , t > 0, j G N, 
we observe that 

1 = lim ||F,-(t) 0|| < lim \\FJt) 1 ® P n °c <j>\\ + 111 ® P^ M 

t—^OO t—tOG 3 3 

< lim ||7-j(0 5+ ® Pfi~ 0|| + ® P n «. 0|| + || 1 ® /', ,. 0j| , 

for every j G IN. If e > is sufficiently small, then ([7.2jl and the operator mono- 
tonicity of the inversion T H> T _1 permit to get 

\\Fj(t) Uf ® P nr 0|| 2 < (1 + tc x tpj) \\{l + t {H°° - Ej))- 1 ' 2 5+ ® P nf 0|| 2 

= (1 + ici tpj) ||{(1 + t (Pj - ^))- 1 / 3 fi+} ® Pnjc 0|| 2 

1 + * ci e p 3 l + tcitpj t^oo _ , . 

< -r— : < 7—: 17; > 2ci e/g sS c 2 < 1 , 

1 + igapj l + tqpj/2 

for all j G N. Since also lim J _ f . 00 ||(1 ® Po~°°) 011 = (by dominated convergence) 

j 

this implies < 1 - ^/cj < lim inf ||n°° 0||. □ 



THE MASS SHELL IN THE SEMI-RELATIVISTIC PAULI-FIERZ MODEL 



33 



For later use we record the following observation. In the case P / we shall use 
it to produce a contradiction showing that <j) as m the following statement cannot 
exist. 

Corollary 7.2. Given p > we find Cq > such that, if P £ Bp, e € (0, eo], and 
if <f> is a normalized ground state eigenvector of -ffoo(P), then {IT,- ® Pcif <f\j^u 
contains a subsequence with a non-zero weak limit, (j)' ^ 0. 



Proof. The bound (jT. 2[) holds true also with and H°° replaced by and 
H? , respectively. Hence, by exactly the same proof as above (just drop the tildes) 
we obtain lim bxij^oo ||IIj ® Pq^ (f>\\ ;> 1 — «/c2. 

Now, the bounded sequence defined by 4>j :— H, ® Pq°° <fi, J S contains a 
weakly convergent subsequence, say (f>' x — (f>j^, x G N. Denoting its weak limit by 
</>', we have (4>\4>') = lim^ oc ( </> | 0' x ) ^ (1 - , thus 0' 7^ 0. □ 

Theorem 7.3 (Ground states). For every p > 0, i/iere exists eo > smc/i that, 
for all P € Bp, the ground state energy ^(P) is an exactly four-fold degenerate 
eigenvalue of H^iF) and the corresponding eigenprojection is given by n oo (P) 
(defined in (|T. 1 [) ). in particular, ^^(O) is a four-fold degenerate eigenvalue of 
//v •<):. 

Proof. According to Lemma d^iii) — > in norm resolvent sense and Eoo = 
linij^oo £7j = inf Spec[_ffoo]. Together with Lemma [4. If 1) and (17. ip this implies 
fto = lim^ 00 (5°° - E 3 + l)- 1 ^ 00 = (ffoo - Eoo + I)- 1 floo, which shows that 
Ran(n oo ) C ViHoo) and floo = IL^. 

Suppose </> is some normalized ground state eigenvector of contained in 
the range of n^,. By Proposition 17.11 and (|7.1j) we then obtain the contradiction 
= (0| fix, 0) = lim^oo ||n°°0|| 2 > 0. Therefore, % 3a = l{ EoB y{H OB ). D 

8. Absence of ground states at non-zero momenta 

While the Hamiltonians H^iP) possess ground state eigenvectors, for small e, the 
original Hamiltonians ^^(P) do not, unless P is equal to zero. The latter assertion 
is proved in the present section. The starting point is the following bound implied 
by Appendix [Bl where we again use the definition (|5.25[) of the resolvent TZj(P,k). 
We also recall the notation 

(a A (k) i&)W(ki, Xi, . . . , k„, An) = (n + l)Vy™+i)(k, A, ki, Ai, . . . , k„, A„) , 

almost everywhere, for n e No, ip = (V^)SU) an< ^ a A(k) ^3 = 0- 

Lemma 8.1. Let P g R 3 , j € No U {00}, e > 0, and let </>j(P) &e a normalized 
ground state eigenvector of Hj(P). Then, for almost every k, 

(8.1) ||o A (k)^(P) + e% J (P,k)G i (k,A).VF J (P)^(P)|| <ce^^. 

Proof. In Lemma |B. II below we derive a representation formula for a\(k) <fij which 
implies the asserted estimate. (Use |k|72.j(P,k) = 0(1).) □ 



Together with Corollary 16.31 this implies the following analog of an estimate stated 
in [8j Proposition 5.1] (with an improved exponent on the RHS, in fact): 
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Proposition 8.2. Let p > 0. Then there exist c, eo > such that, for all V £ Bp, 

e € (0,eo], j € No, every normalized ground state eigenvector, <j)j(P), of Hj(P), 
and almost every k, 



Gj(k, A) • V-Ey(P) 



^ c e 



1 



Pj^|k|<K 



^(k)^(P) + e ^J k ; v ^ (p Y 3 (P) |k|V- 
Proof. On account of (|5.29p and Corollary 16.31 we have 

(8.3) ^(p.kjn+ahii^ii < c\\nf dhHj <t>j\\ < cxf* < c'. 

(Here and below all derivatives are evaluated at P.) On account of ()8.1j) and 
|Gj(k, A)| < c l P:j <j|k|<K |k| -1 / 2 it thus remains to treat TZj(P,k)UjVHj (f>j = 

VEjK^P^fa. For this we again write 7^-(|k|) = (i2j(P) - Ej(P) + \k\)~ l . 
Then the second resolvent formula implies 

Kj (P, k) ^ = Hi (|k|) ^ + (P, k) {if, (P) - ^ (P - k)} ^ (|k| ) ^ 

(8.4) = |k|- 1 fa + |k|- 1 7^(P, k) {k • Vifj + G(|k| 2 )} ^ . 
Writing Vif, <fe = Viy ^- + Uf^Hj <j>j and solving O for ^(P, k) fa yields 

^' (P ' k) ^ = [ki-k-v^- ^ + ^' (P ' k) {n ^ k ■ VHj + ° (|k|2)} ^ ■ 

Here 7^(P,k){n|k- Vffj + C(|k| 2 )} 0j = C(|k|) by flO}. □ 

Recall that V-Ej(O) = 0, for all j £ No, so that the coherent factor in the formula 
(|8.2p vanishes at P = 0. As an immediate corollary we observe that the expectation 
value of the number operator, N :— dT(l), in a state belonging to the range of 
n oo (0) := 8^(0) = l {Boo(0)} (iJ oo (0)) is finite. Recall also fif (0) -> n oo (0) in 
norm, as j — > oo. 

Corollary 8.3. There exist c, c > such that Ran(Hoo(0)) C V{N 1 / 2 ) and 
HJVV-n^^)!! <ce, for all ee (0,e ]. 

Proo/. Let e ^(iV 1 / 2 ) and V G ^ both be normalized. Then, by (|8~2|) . 
KA^IIMOWI 2 < | lim(0|iV 1 / 2 n-(o)^)| 2 

d 3 k 



<su P V / ||oA(k)fe°(0)V||Vk< ce / 
which implies the assertion, since N 1 / 2 is self-adjoint. □ 



In an essentially traditional fashion we next infer the absence of ground states of 
H X (P), P^0, from Proposition [8J2] compare, e.g., [171 133] . 

Theorem 8.4. Given p > we find Co > such that, for all P € Bp \ {0}, and 

e £ (0, eo], the ground state energy ^^(P) is not an eigenvalue of H^^P). 

Proof. We write H — iJoo, E = E^. Suppose that <f> € ^(H(P)) is normalized 
and -ff (P) <j) — E(P) (j). To get a contradiction we exploit that VE(P) ^ which 
follows from the strict convexity of E on Bp and V£'(0) = 0. 

Let 4>j '■— H ® -Pn°° 0- Borrowing an idea from [T7] we pick some 77 G T>{N 1 / 2 ), 
\\r}\\ = 1. Furthermore, let # r := l{ r <|k|<«}G • VS/(|k| - k • VE), for r e (0,k). 
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Then ||<?r|| 2 = ci ln(«;/r) with some Ci € (0, oo) because < \VE\ < 1. Finally, let 
g$ := l{ Pj .^|k|< K }G ■ V.E,-/(|k| - k • V£y). By virtue of ([521) we then have 

|| 5r ||||(iV + l)V^|| 

> |<4(ffr)»7|0i)| = I 51 /_3r(k,A)(77|a A (k) ( /) J )d 3 k 



Aez 2 



R3 



|e A (k) • V£| d 3 k 



>eKft.|f,g)>{,|^>|-ceX; / , , IkP 

A tz 2 Jr<|k|<« 1-k-VE l k l 

for every j e N. By Corollary 17.21 {</>j}jGiM converges weakly to some non-zero 
vector </>' along some subsequence. We fix r/ such that (r)\<fi') > 0. Since also 
VEj -> VE, thus (g r \g$) -> \\gr\\ 2 , j -> oo, we arrive at c/ 2 lrx(«;/r)V 2 ||(iV + 
l) 1/,3 ry|| > e Ci ln(/c/r) (77 1 <j/ ) — c'e (k — r). For sufficiently small r G (0, k), this gives 
a contradiction. □ 

9. Coherent infra-red representations 

In this final section we discuss certain representations of the Weyl algebra associated 
with the functionals 

dp (A) := Trp^P) A] , A e B(^) , P e B p . 

For the most part we proceed along the lines of [TT]. We shall also recall various 
arguments from [34] . There is, however, one simplification: Thanks to the existence 
of the limit projection guaranteed by the IAPT we may define op directly 
as the corresponding trace functional. In [8] [11] the analog of op is defined via 
compactness arguments and some additional arguments are required in order to 
study its GNS representation. We also point out that the proof of the final result of 
this section, Corollary 19.11 below, is based on the strict convexity of Eqo (or rather 
uniform strict convexity of Ej, j 3> 1). 

In the rest of this section we fix p > and we always assume that e > is 
sufficiently small, depending only on p and k. 

Recall that IIoo has been obtained as a limit of dressing transformed ground state 
projections and that the sequence of dressing transformations Wj has no limit in 
the Banach space B(Jf). We can, however, give a mathematical meaning to a 'limit 
transform' of sorts as follows: 

We consider the complete infinite direct product space (CDPS) [29] 

The Hilbert space is non-separable and contains the coherent states 

Here rj is some fixed normalized element of the vacuum sector in J4?q. Recall from 
[29] that two vectors $ = (f>o ® <f>\ ® ■ ■ • and \& = ^0 ® ipi ® ■ ■ . in Jf? are called 
equivalent, $ s» iff Xwlo l( 4>j I V*j ' ) — 1| < 00 ■ Moreover, $ is called a Co-vector 
iff Yl'jLo lll^jll — -*-| < 00 anc ^' ^ ^ anc ^ * are both Co-vectors, they are called 
weakly equivalent, $ « 'J, iff X^o I K §3 I V'j ) I — 1 1 < 00 ■ The separable Hilbert 

subspace of ^ generated by the equivalence class of some Co-vector $ is denoted 



36 MARTIN KONENBERG and OLIVER MATTE 

by J^o £g> n®jeN '^'i + • ^ * s caue d an incomplete direct product space (IDPS). 
Although we are now dealing with four-spinors we denote the IDPS corresponding 
to the coherent states defined above as in the introduction by 

Now, we can, loosely speaking, 'invert' the 'limit dressing transformation' by re- 
garding its 'inverse' as a unitary map from to J^p cn . More precisely, denoting 
elements of by etc., we set 

:= C7,(P)*a*(/i W) ) C7,(P) = a\h^) + t{h& \ fj(P) )K J £ N , 

and define a unitary map Wp : Jf = J^ <g) &§° -> ^' cn first by the following 
formula and then by linear and isometric extension: 

^ P c®nn at(^)) « : = c ® (g) ( n ^) ® n ®i>^ ■ 

Here rij may be equal to zero in which case n«=i ^ := e ^ c - The isometry is 
clear from the definition of the scalar product on 3tf . After isometric extension 

Wp is surjective because the set of vectors appearing on the RHS of the previous 

(i) 

definition is total in J^ cn , when the hi are chosen from some orthonormal basis 
of <%~/ + j for every j € No- In particular, Wq is just the natural identification 

je ee ^ ren . 

Let 2lj, 21°, % Wj, 2U°, and W be the *-algebras defined in and below (fITT5j) 
with C 2 replaced by C 4 . There is an isometry, tt : 21° — > B(J^), with 

n{A)Y[ <Z>k i>k = J] ®^' k , i>'i ■= A'i>j , ip' k = tp k , k ^ j , 

where A=l(g)A'(g)lG2lj and Y\®k^Pk € ^ ■ By its isometry 7r extends to all of 
21. Then 7r(2tfj)" = 7r(2tj)" and, hence, 7r(2l°) and 7r(2U°) generate the same von 
Neumann algebra 

B* := tt(21 )" = tt(W )" C B(JF) , B* D tt(2C) . 

The spaces J^ cn are reducing subspaces for every element of B# [29l Theo- 
rem X(I)]. We denote restriction to Jt?p en by a subscript P and set irp(A) := n(A)p, 
A G 21. Then we have 7r P (2tJ.,)" = 7rp(2l,)" and, hence, 

B(JT P ren ) = {Qp : Q G B*} = 7rp(2l°)" = 7r P (2» )"- 

The three identities above follow from [29, Theorem X(II)], [HO Part II, Prop. 11.12], 
[331 Lemma 2], respectively. In particular, it follows (as in [33]) that the represen- 
tation 7T P : 2U -> B(Jf^ cn ) is irreducible. 
Next, we define functionals on B(J$°p cn ) by 

wp n := ffpoap, ap(T) := Wp T Wp , T G 6(^ cn ) . 

It is then a direct consequence of the various definitions recalled above that, for 
every local observable A G 21°, we have ap(7rp(A)) = WiAWf, with some I G N. 
Therefore, 

Wp n (7T P (A)) = TrpooW^ AW/] = .lira Tr [W} Hf W* We A W£] 
= lim Trplf A] =: uj p (A) , A G 21° , £ suitable , 
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because WiAWg = Wj AW*, if j ^ £ and £ is large enough. This shows that the 
limits in the second line define a continuous linear functional on 21° whose unique 
continuous extension to 21 - henceforth again denoted by the same symbol - is given 
by cup (A) = u;jp en (7T P (A)), A e 2t. 

Given that E is strictly convex the following corollary is folkloric; see [TT1 [20l [34] . 
We include its proof for convenience of the reader. 

Corollary 9.1. Let P, Q e Bp, P / Q. Then f7£ n and n r £ n are not weakly 

equivalent. Therefore, Jifp cn l. J#Q Cn (as subspaces of Jf), and the representations 
7Tp andiTQ o/2U are unitarily inequivalent and, thus, disjoint as they are irreducible. 

Proof. We have flp n s» Slq n if and only if Ylj*Lo \ \ a j \ ~~ 1| < 00 > where 

ay := ( (7*(P) 1 C/*(Q) ) = 1 e*' 07 ^ 5 ) = e ~ # U^Rq II 2 , 

with /ipq(k, A) := /j(P;k, A) — /j(Q;k, A). By strict convexity of on S p 
we have \VEj(P) — VEj(Q)\ ^ c > 0, for all sufficiently large j € N. Hence, it is 

elementary to check that J27Lq ll^p qII 2 — 00 ■ Therefore, S^lo H a iK 1| = °°> as we 
easily see. Now, it is known that two representations of the Weyl algebra in different 
IDPS are unitarily equivalent if and only if the IDPS belong to weakly equivalent 
reference vectors [30] 133] ■ Let us recall the brief argument for the "only if" part 
given in [33] in our special situation: Assume there is a unitary T £ B(J#p en , ^q cn ) 
such that 

(T^\n(W)T^) = (T^\tt q (W)T^>) = (¥\tcp(W)V) =(V\ir(W)V), 

for all W e 2U and * € J#£ en . Then (TV\QTV) = (#|Q#), for all Q e 
7r(2U )" = B* and * e ^p' cn . Since ftp 311 56 fi£ n , there exists, however, some 

Q G B* which is reduced by both J^ cn and JT Q cn such that Q P = 1 and Q Q = 
[251 Theorem X(II)]; a contradiction! □ 

Remark 9.2. One might think it is more natural to determine the spaces J^ en by 
slightly different coherent states, namely fip n := 77 ® II ®jeN ^j p 1 with Qjp := 
£/*(P) where f/t(P) is defined by ([TTTj) and (fTT2l with £y in ([TT2"|) replaced 

by i? = Eoo. Using \VEj — Vi?| ^ c e (f + c t) 3 pj, it is, however, straightforward to 
verify that 0™ and Slp n are equivalent and, hence, give rise to the same IDPS. O 

Appendix A. Some properties of the fiber Dirac operator 

Below we prove two lemmata on the Dirac operators defined as the closures of the 
operators (|2.7p which have been used several times in the main text. We recall that 
the dense subspace ^ C Jtj has been defined below (|2.7[) . In the whole Appendix lAl 
the vector potential Ai satisfies the conditions in Assumption 12.11 The values of 
e, k > are arbitrary. 

Lemma A.l. Dt(P) and D 3 k (P) 2 are essentially self-adjoint on ffj, for all P 6 R 3 

and k,j £ No U {00}, k ^ j . 

Proof. Assume that tp = (?/> (0) , . . . , V (m) , 0, 0, . . . ) € % and that e C 4 <g> 

[J^W £< m ((R 3 x Z 2 )",C 4 ) is supported in ([-i?,i?] 3 x Z 2 ) n , for every n = 
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l,...,m, and some m 6 N and R > k. Let A := <fT(l) denote the number 
operator. A trivial estimate using := ||a • A 3 (A + 1) _1 / 2 || < oo shows that 

(A.l) \\Di(P)i>\\^C(j,R,P)(m + l)M\\, C(j,R,P):=\P\+R + lj . 

Furthermore, we observe that (D j k {P)ip)^ is still supported in {[-R, R} 3 x Z 2 ) n , 

for every n £ N, and (£>£(P) = 0, for n = m + 2, m + 3, Applying (|A.1|) 

repeatedly we conclude, for <y9 € such that ip^ is supported in ([— R, R] 3 x Z2) n , 
for every n £ N, and tp^ = 0, for n = m + 1, m + 2, . . . , 

\\Di(py* 4 < r, py* { -^±^ ii^n , v £ {1,2}. 

Since ^gr = (TO < 2 " l+l " this im P lies 

^7^vll^ (pr ^ll <0 °' ^i 1 ' 2 *' 

for all < t < 2~ V /C(j, R, P). Consequently, every <p £ ffj is an analytic vector 
for D k (P) and a semi-analytic vector for D k (P) 2 , which implies the assertion; see 
[31 Theorems X.39 and X.40]. □ 

The following lemma on the resolvent R k (iy) = R k (P,iy) and the sign function 
S k = S k (P) of the fiber Dirac operator defined in (|2.12[) and (|2.13p . respectively, is 
a variant of [26l Corollary 3.1 & Lemma 3.3]. We present its proof for the sake of 
completeness. 

Lemma A. 2. For v > 0, we find p £ (0, oo) and Y v (y), T v £ jSf(J^) with 

(A.2) R{{iy) (H® + pY v = (ff f W) + pT" R{^v) Y„{y) , \\Y v {y)\\ < 2 , 

(A.3) (H^ + p)-" = (H® + p)-" (Si + T„) , ||T„|| < 1 , 

for y £ R. /rt particular, R J k (iy) and Si map T>((H^) V ) into itself. Furthermore, 
the following resolvent identity is valid, for all A > 7 

(Rl(iy) - R^iH^ + X)-^ = R^iy) ea • A{ (H^ + A)" 1 /' R{(iy) , 

and the bound (|2.15[) holds true (with the same constant as in (|2.6j) ). 

Proof. We put 6 := Hf + p and recall from [551 Lemma 3. 2] & [221 Lemma 3.1] 
that, for every v £ R, [a ■ A k , 0~ y ] 0", defined a priori on extends to a bounded 
operator on Jtfj, henceforth denoted by T v , and \\T U \\ ^ Civ, nj/p 1 / 2 , for all v > 0. 
We choose p so large that ||T„|| ^ 1/2. For <p 6 ffj, 

R{{iy) Q- v {Dl -iy)ip = R? k {iy) (D{ - iy) 0"> + R{(iy) [0-", a ■ A£] p 

= (1 - fl£(iy) T v )Q- v Ri(iy) {D{ -iy)<p. 

Since Di is essentially self-adjoint on ^ we know that (D k — iy) ^ is dense in 
whence 

R{{iy) 0-" = (1 - i? fc (iy) T v )Q-»R{(iy) . 

Since || J?{(iy) T^H «; 1/2 (y) we may define X„(y) := (1 - R k {iy) T^- 1 , so that 
X v {y)R j k {iy)Q- v = Q- v R 3 k {iy). Thus, we obtain Q with := X u (y)* = 
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1 + Z„{y), where ^ l/(y). Computing the strongly convergent principal 

value of (|A.2|) and using (I2.13[) we also obtain (|A.3[) . 

Next, we verify the asserted resolvent identity first on the domain of Hf by 

applying Dj — iy on both sides and using that Ri(iy) and (if f commute. 
After that it extends by continuity to an identity in B(Jifj), which together with 
(pTe]) implies (|2~15)) . □ 



Appendix B. Infra-red behavior of ground states 

In the next formula we employ the notation 7£j(P,k) introduced in (|5.25p . 

Lemma B.l. Let P G R 3 , j G N U {oo}, and e > 0, and assume that fa = 
4>j(P) G T>(Hj) is a ground state eigenvector of Hj = Hj(P). Then the following 
representation is valid, for A G Z2 and almost every k G Aj . 

(B.l) fflA (k)0 J + eG i (k,A) •^ i (P,k)Vff i ^- 

= -e / TZ j {P,k)R j {P - k,iy)a-kR j (P,iy)a- G(k, A)iL(P, iy) fa — . 

Proof. Let / G C§°(Aj), p G R 3 \ {0}, and A G Z 2 . We fix P G IR 3 and the 
scale parameter j G N U {00}, and abbreviate D := Dj(P), D p :— Dj(P — p), 
:= (D — iy)~ x , R P {iy) ■— [D p — iy)^ 1 , and G A := Gj(-,A). We also write 
a\(f) := a B (/), where /(k,/z) := /(k)(5A,p, for (k,/x) G R 3 x Z 2 . Finally, we recall 
that m denotes multiplication with k. 

On the dense domain D((i?f ) 3 / 2 ) we then have the operator identities 

(B.2) [H^\a{(f),} =a{(u>f), \p?\ a\ (/)] = a{ (m/) , 

and, hence, 

Da\(f) - 4 (/) D p = a - {e(G A | /) - 4((m - p) /)} . 

Thanks to Lemma [A. 2 1 we know that R p (iy) maps X>((i2" f (i) ) 3 / 2 ) into itself. On that 
domain we thus have 

a\{f)R p {iy) - R(iy)a{(f) = R{iy)ct • {e( G A | /) - a+((m - p)/)}i* p (^) . 
Since </>.,■ G T>(H^), the previous relation implies, for all 7/ G 
A(p, f,rf) := < |D P | 7/ | a A (/) 0, ) - (a|(/) r/ | |D| <fe ) 

iydy 



lim / (R(iy)a ■ ^((m- p) f) R p {iy) n' \fa t) 
-e(G A |/)-lim / (R(iy)aR p (iy) rf\fa) 



TT 



where we used the representation (|2.14p of the absolute value. In the integral 
appearing in the second line we now write R p {iy) y/i = 1 — D p R P (iy) and apply 
the formula (|2.13|) for the sign function S :— sgn(D). In the third line we expand 
the right resolvent as R p = R + Rot ■ pR p , apply the formula (|3.2p for the derivative 
of the Hamiltonian. Proceeding in the way we arrive at 

A(p, /, rf) = ( Sex ■ a) {{vol - p) /) r( \ fa ) - J(p, /, rf) 

-t{f\G x )-{{i 1 '\VH j fa) + I{p,T ] ')}. 
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Here and below VHj is evaluated at P and 



iydy 



I(p,r/) := f (R^y)aR^y){a-p)R p (iy)tf\<f> j ) 

JR 

J(PJ,V') ■= [ (R P (iy)D p r 1 '\ct-a((m-p)f)R(-iy) ( f> j )^-. 

Jr 7r 

By means of (|A.2|) it is easy to see that the latter integral is absolutely convergent. 
In fact, let p > 1 be sufficiently large and set := + p and B p := a ■ a((m — 
p) /) 0-V 3 . Then (fO)l shows that the composition F(y) := 8 1 / 2 R{-iy)Q- 1 / 2 
is well-defined on and \\F(y)\\ < c(l + y 2 )- 1 / 2 . Moreover, \\B V \\ < c||(l + 
l/w) 1 / 2 (m — p) / || by a standard estimate. From the representation 

J(p,/,r/)= / ({D p R p ( l y)\D p r 1 / 2 }\D p \ 1 / 2 V '\B p F(y)Q 1 / 2 ( f >J )^, 
Jr n 

where the operator in curly brackets satisfies ||{- • • }| ^ c (1 + y 2 ) -1 / 4 , we may thus 
read off that the map ^ 3 r( h-> J(p, /, 77') is continuous when ^ is equipped with 
the form norm of H p := Hj(P — p). Since ^ is a form core for H p we may hence 
extend the definition of J(p, f,rf) to all 77' e Q(H p ). 

We further find by means of (|B.2[) and a virial type argument 

((ff p -^(P) + |p|)7/|a A (/)^) 
= < ff p 7,' I o A (/) h > - ( 4(/) »/ I F,(P) ^ ) + | P | (7/ I o A (/) <t>j ) 
(B.3) =A(p,/,t ? , ) + (»/|o((|p|-a;)/)^>. 

Since fa € £>(# f (i) ) we know that a\(f)fa G Q{H\ ) and, by Lemma r2.2f iv). the 
form domain of i/ p is Q(H^). Taking this and the above remarks on J (p, /, 77') 



into account we conclude that the first and the last line of (|B.3j) arc continuous in 
rf w.r.t. the form norm of H p . Approximating 1Z P rj :— 7£j(P, p) 77, where 77 € ^ 
is arbitrary, by some sequence in ^j, which is convergent w.r.t. the form norm of 



H p , we thus obtain 



(B.4) < t? I a A (/) & ) = A(p, /, TZ P 77) + ( 77 1 £ p a((|p| - w)/) fa ) . 

Now, let /p, e (k) := /i e (k — p), /i e (k) := /i(k/e)/e 3 , for tiny e > 0, where ft € 
Co°({|k| ^ l},[0,oo)) satisfies J R3 ft- = 1. In the next step we insert the peak 
function / p £ into (|B.4|) . multiply the resulting expressions with g g Cq 30 ^ 3 \ {0}), 
and integrate with respect to p. Proceeding in this way we arrive at 

5 

(B.5) / 5 (p)<77|a A (/ p , e )^)d 3 p = ^C,(e), 
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with (in 03(e) we have S <j)j £ V(a((m — p)/ P , e )) because of (|A.3[> ) 

Ci(e):=-t f g(p)(f Pt ,\G x )(r ] \1l p VH 3 <j )3 )d 3 p, 
Jr 3 

C 2 (e):= f .g(p)(r ? |7^ pa ((|p|- W )/p, £ )^)d 3 p, 
Jr 3 

C3O) := / g(p) (vlKpOf o((m - p)/ p , e ) S <f>j ) d 3 p , 
Jr 3 

Ci(e) := -e f g(p) ( f p , e | G A ) • l(p, £ p 77) d 3 p , 

C 5 (e) := f g(p)J(p,f p , £ ,K pV )d 3 p. 
Jr 3 

It is straightforward to see that the LHS of (|B.5[) converges to ( r\ \ a\ (g) <f>j ) , as 
e > tends to zero. Furthermore, | ( rj 1 1Z P VHj <f)j ) | < c||»?||/|p| ^ c'||?7|| on the 
support of g by (|6.2p . and |I(p, 72. p 77) | ^ c|p| ||7£ p || \\rj\\ < c||?/||. Hence, p M- 
S-(p) ( 77 1 ft p V-Hj ) and p i-> g(p) I(p, ft p 77) belong to L 2 (R 3 ,C 3 ). Since also 
( /p,e I Ga > = (h E * G A )(p) and /i £ * G A -> G A in L 2 (R 3 , C 3 ) we conclude that 

(B.6) lim d (e) = -e / 5 (p) G, (p, A) • ( 77 1 £ p ^ ) d 3 p , 

E \° Jr 3 



lim C4 (e) 

s\0 



if f g(k)(R(iy)(a-G 3 (k,\))R(iy)( a -k)R k (iy): 
Jr Jr 3 



(B.7) x£ k 77U,-)d 3 k^. 

Next, we show that C§(e) goes to zero: We have supp(g) C {r ^ |p| ^ 1/t'}, for 
some r > 0, and we shall always assume that < e ^ r/2. Then p € supp(g) and 
/i e (k — p) 7^ implies l/|p| ^ 1/r and 1 ^ 2|k|/r. By Fubini's theorem we thus 
have 

C 5 (e)< / / / | 5 (p)l^(k- P )|k-p| ( a {D p R p (iy)H p }r 1 
Jr Jr 3 Jr 3 x 

>3,,^ d y 



d 3 kd 3 p 

7T 



xa x (k)e-^ 2 F(y)e 1 / 2 ^ 

In the previous expression we have |k — p| ^ e, if h E (k — p) ^ 0. Furthermore, 
||{---}|K||Dpflp(iy)|i? p |-V=|||||I)p|V^ p || <c (i + y 2 r v 7r . 

We estimate the remaining factors of the integrand by Young's inequality, |{ u | v * 
w)\ ^ C ||w||2||«||i||w||2, applied to the <i 3 kc? 3 p-integration. In this way we obtain 



|c 5 ( £ )Ky HM1IMI2 INI 



_£{( 2 A) / (^((^(^e-v^e^^nVk 



i / 2 j 



(1 + v 2 ) 1/4 ' 



|k|>r/ a 

Here, the integral Jj k , >r ., 2 . . . d 3 k is not greater than 

||(F« ) V 20 -V 2F(y) eV V .||2 ^ llF^lPn^^ip ^ c (i + /)-i. 
Since also \\h e \\i — 1 we conclude that Cs(e) —> 0, as e \ 0. 
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Obviously, C2 and C3 can also be treated by means of Young's inequality and we 
easily verify that lim^o C2 (e) = lim^o C3 (e) = 0, again using that ||p| — |k|| ^ 
|k — p| ^ e, when h e (k — p) 7^ 0. For C3 we actually find 

C7 3 (e) < c(=/r) H5II2 HMi Nl ( 2 A) V2 IK^'V 72 ^^!! , < e < r/2, 
where last norm IK-Hf^) 1 / 2 S , J || is well-defined and bounded because of (|A.3|) and 

faeV(H^). 

Putting everything together we see that ( rj | a\(g) 4>j ) is equal to the sum of terms 
on the RHS of ([B3]) and (jBJl) . As this holds true, for every g G C£°(R 3 \ {0}), we 
conclude that 

(v\ a\(k)<Pj ) = -e Gj (k, A) • < r? | ft k (|k|) fa ) 

+ e / ( R{iy) (a • G, (k, A)) R(iy) (a ■ k) R k (iy) TZ k V \ fa > ^ , 

for all k G R 3 \ A^, where ^ is some 77-dependent zero set. Applying this results 
to all 77 in some countable dense domain in Jff we obtain (|B.1[) . □ 

Appendix C. Operators on Fock spaces 
Bosonic Fock spaces 

Recall the definition of the annuli A k and Aj in (|1.8p . The bosonic Fock space over 
J^ k = L 2 (A 3 k x Z2) is a direct sum of n-particle subspaces, 

CXD 

n=0 

which are given as [J^] (0) := C and := S n L 2 ((A j k x Z 2 )™), n G N, where 

5„ is the orthogonal projection onto the permutation symmetric functions, 

S n <i/> (n) ( k i,Ai,...,k n ,A„) := — ^2 ^ (n) ( k 7r(i)> K(i), ■ • . ,K( n ), K(n)) ) 

' 7ree„ 

almost ever ywhere, for V (n) G i 2 ((^i x Z 2 )"), 6„ denoting the group of permu- 
tations of {1, . . . , n}. cfij is defined in the same way but with A k replaced by Aj. 
Finally, we write & = jFoo, i.e. in the definition of & the set At is replaced by R 3 . 
Second quantized multiplication operators 

The second quantization of some measurable function vj : At x Z 2 — > R is the 
direct sum dY(w) := 0~ =o dT^(w), where dT^(w) := 0, and dT^(w) is the 
maximal operator in \^ 3 k \^ of multiplication with the permutation symmetric 
function (ki, Ai, . . . , k„, A„) i-> cr/(ki, Ai) + • • • + toQin, A n ). For instance, A := 
aT(l) is the number operator. 

Creation and annihilation operators 

For / G J^u j the bosonic creation and annihilation operators, aJ(f) and a(/), 
are given as follows: Defining at(/)W : by at (/)(») := 

V / nTT5 n +i(/®V' (n) ) J we set at(/)V := (0, at(/)(°) ^°), at(/)« . . . ), for all 
ip = (ip(°) , ip( 1 ' > , . . . ) £ &l such that the right side again belongs to Then 
&(/) is the adjoint operator, a(/) := at(/)*. Straightforward computations yield 
the CCR (Li]) on, e.g., the domain of N 2 . 
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Mapping properties of Weyl operators 

Lemma C.l. Let j £ No U {oo} ; v ^ 1/2, and let f £ Jtj satisfy a; -1 / 2 / £ and 
u) v f £je-. Then both eW) and e iro ^ map V((H^) V ) into itself. 

Proof. Let A be either or and set 9 := (i/ f (j) + A)", for some A ^ 1. 

According to Lemma 2 of [15] and the condition (ABC) recalled on Page 276 of 
[IB] it suffices to show that 

(i) {(Q^iplAip) - WIO" 1 V)| < c||^|| 2 , for all V e 23(A). 

(ii) The quadratic form (00| AV>)-(A0| 9^), 0,^ € 23(A)n23(9) =23(9), 
is bounded w.r.t. the topology on 23(9) and the unique operator [9,A]o £ 
23(23(9), 23(9)*) representing it obeys Ran([9,A] ) C & r 

Since 9 _1 maps into the domain of A and A9 _1 is a bounded operator condition 
(i) is trivially fulfilled. (It implies 9 £ C 1 (A).) Furthermore, under the above 
assumptions on / Lemma 3.1 in [26] shows that [a*(/),9 _1 ] 9 defines a bounded 
operator on the dense domain 'rfj , if A is large enough. Therefore, \{Q (f) \ Aip) — 
( A (j> | 9 ip )| ^ c\\4>\\ ||9?A||, for all 4>,ip £ c €j. Since 9 is essentially self-adjoint on 
Sfj and 1 1 A </>\\ < c||9 0||, this implies (ii). □ 
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